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Ananumuueckas ceomempus 6 npocnipancmee R

BekTopHasi a.ﬂreﬁpa

HexkoTopble CBeACHUS U3 TCOPUH

BekTop — HanpaBJIEHHBIN OTPE30K.

PaBencrBo
a= (x, v, Z) (1)

03Ha4acT, 4TO X, y, Z — MPOCKIHNU BCKTOpA HAa OCHU KOOPAHUHAT UJIN €TI0

ACKAapTOBbI KOOPAWMHATEIL.

dopmyna
— 2, .2, .2
|a|=\/x +y°+z (2)
TI03BOJISIET 110 KOOPIMHATAM BEKTOPA OIPEICIUTH €r0 MOYJIb.
4z - Eciu o, 3, ¥ — yriisl, KOTOpbIe BEKTOp 00pa3yer ¢
i TIOJIOKUTEILHBIM HAMpPaBJIEHUEM OCel KOOPIAUHAT, TO
B cosa., cosf3, cosy Ha3bBIBAIOTCS HAPABJIAIOIIMMU
a KOCHHYCaMH BEKTOpA d .
0 >y x=|Zi|cosoc, y=|c_i|cos[3, Z=|c_i|cosy, (3)
2 2 2
cos” a+cos” B+cos”y =1 4)

x
Ecnu u3BecTHbI Hauano BekTopa M, (xl, Vi Zl) u

xoHen M, (x2 , Vo, 22) , TO KOOPJIMHATHI BEKTOPA HAXoATcA 1o hopmysam

X=Xy =X, Y=V, —V, Z=2—7. (5)
Ecmu 5=(x1,y1,21) n b:(.X2,y2,Zz),TO
C_iib:(xli)(:2,y1 iyz,ZliZZ) (6)

n od =(owx;, oy, 0z;), Tae o — M060e YHCIo.
BekToppl, Jiexaniye Ha OJHOW UM NapaJlyIeIbHbIX NPSIMbIX, HA3bIBAIOTCS
KOJUTMHEapHBIMHU. [IpU3HAK KOJUTMHEAPHOCTH BEKTOPOB d H b :
X z
M_on_A2 @)
Xy V2 23
Tpotiika BeKTOpOB i, j, k Ha3bIBAcTCSA KOOPIMHATHBIM Oa3HCOM:
7]=171=[k[=1

—_ -

Bekropsl i, j, k HampaieHsl o ocsim cootBeTctBeHHO Ox, Oy, Oz B

HOJIOKHUTETIBHYIO CTOPOHY.
JIxo60# BEKTOp @ = (x, y, Z) MOJKET OBITh MPEJCTABIICH B BUJIE

d=xi+yj+zk. (8)



CKaJSIPHBIM POU3BEICHHEM BEKTOPOB d = (xl, Vi Zl) u

b= (x2 , Vo, 22) Ha3bIBAETCS YNCIIO, PABHOE IIPOU3BEICHUIO MOYJIEH DTHX
BEKTOPOB Ha KOCHHYC yIJIa MEXKy HUMHU.

ﬁ-b=|ﬁ|-‘b‘-coscp, 9)
a b=|c_i|-np5b=‘b ‘np;d, (10)
. ~ 2
a-a=a2=|a|, (11)
T.€. CKaJISIPHBIN KBaJpaT BEKTOPa PaBEeH KBaAPaTy €ro MOIYJIS.
C_ib = X1Xo +y1y2 +ZIZZ’ (12)
Ecmu alb, To
xle +y1y2 +ZIZZ = O (13)
X1XH + +z.z
cosp = 1X2 T V12 T 2124, (14)
2 2 2 2 2 2
\/xl TV 2 '\/xz TV +2
Ecnu Bektop F m300pakaer CHITy, TOUKA IMPUIIOKEHHS KOTOPOit
nepeMeIaeTCs U3 Havaja B KOHEIl BeKTopa S, To paboTa 3TOM CHJIBI
OIPEACTACTCS
W=F-S. (15)

—

BeKTOpHBIM [TPOU3BE/ICHUEM BEKTOPa d Ha b Ha3bIBa€TCS TaKOM BEKTOP

¢ = a X b, KOTOpBI} yIOBIETBOPSAET CIEAYIOLIUM TPEM yCIOBUSIM:

1. |¢|=| Zz|-‘b‘-sin(p, rae (¢ — yroy MeXIy BeKTopamu d u b

2.¢cla n clb;

3. BEKTOp ¢ 00pa3yeT ¢ BEKTOpaMH d W b «IIpaByro» TpOMKY.
BeKTOpHOE NPOM3BEICHUE 3aBUCUT OT TIOPSIKA COMHOKHTENEMN

axb=-bxa. (16)

Moy BEKTOPHOTO IIPOM3BEIEHHS PABEH IIONMIAN MapajlIeIorpaMma,
IIOCTPOEHHOIO HA BEKTOpax d W b

Sz‘éxg, (17)
SAZ%‘(EXE‘. (18)

—

Ecmu Bextopel @ u b kommHeapHsl, To a X b = 0, B yacTHOCTH,
axa=0.

—

Ecnu BEKTOpHI 3a1aHBI KOOPJAMHATAMH (4 = (xl, Vi, Zl), b= (xz, Vs, zz),



Tk
axb=|x; y z| (19)
Xy Vo 2
Ecnu BexTop F U300paxkaeT CUITy, IPUIOKEHHYIO B KAKOH-HUOYIb TOUKE
M , aBektop a wuaer u3 HEKOTOpoii Toukk (O B TOUKy M , TO BEKTOp a X F

MnpcacCTaBJICT CO00OM MOMEHT CUJIBI F OTHOCHUTEJIBLHO TOYKUA O:
mF=daxF. (20)

—

CMenianHbIM IMPOU3BCACHUCM TPCX BCKTOPOB Ei, b, E Ha3bIBACTCA 9YHCIIO,

PaBHOE BEKTOPHOMY IIPOM3BENACHHUIO d X b , yMHOKEHHOMY CKAISAPHO HA BEKTOP
C,T.e.

abaz(axb)-aza-(bxa). (1)
CMenranHoe npousBenenrne abc paBHO 00bEMY NapalIeIenuIIEa,

IIOCTPOEHHOTO Ha BEKTOpax a, b, €, B3ITOMY CO 3HAKOM «ILTIOC)», ECIIM TPOHKa

a, b, ¢ mpasas, co 3HAKOM «MHHYC», €CJIH 3Ta TPOMKA JIEBas.

V = +adbc. (22)
Ecom BCKTOPbI KOMILIIAHAPHBI (JIG)K&T B OIIHOﬁ HJIOCKOCTH), TO
Gbc =0. (23)

Jnst BexTopos d = (X1, ¥1,21), b =(x5, ¥5,25), ¢ =(x3, y3, z3) cMemanHoe
IpOM3BECHHE Onpeensercs GopMynon

I Y B B
abc=|x, ¥, z,| (24)
X3 V3 Z3

3agaua 1. Ha MarepuasibHyIO TOUKY I€MCTBYIOT CHJIBIL:
C B=(-122), F=(1-2).
Haiitu paboTy paBHOAEHCTBYIOLIEH ITUX CUJT R IIpY NIEPEMEILEHUN TOYKU U3
[IOJIOKEHUSA A(2, -1, O) B IIOJIOKEHHE B(4, I, — 1).
Pemienue. Halimem paBHOIEHCTBYIONIYIO
R=F+F+F=02-1+L-1+2+1,1+2-2)=(2,2,1).

Bexkrtop nepemenienus no popmyie (5)

- _—>
S= AB :(4—2,1+1,—1—0)=(2,2,—1).
Hckomyto paboty HaxoauM 1o dopmyiie (15)
W=R-S=2-2+2-2+1-(-1)="7.



3agaua 2. Jlana cuia F= (3, 4, —2) ¥ TOYKA €€ MPUIIOKEHUS

A(Z, -1, 3). HaifT MOMEHT CHJTbI OTHOCUTENIBHO Hauajia KOOPAUHAT U YTJIbl,

COCTaBJIAICMBIC UM C KOOPAWHATHBIMU OCSAMM.

- - Em—
Pemenue. ITo popmyne (20) m F =7 x F'.Bekrop 7 = OA 1o
dopmyse (5) UMeET KOOPAUHATEI 7 = (2, -1, 3), o ¢popmyie (19)
ik L
rxF=2 -1 3 |=-10i +13j +11k.
3 4 -2

Utak, moﬁ' = (— 10, 13, 11). Monyns MoMeHTa HaxoauM 1o hopmyre (2):
| mF| = J(=10)% +(13)2 +(11)% = /390 ~ 19,748,

Hanpagnstomue kocunycsl no popmyne (3):

coso. = _—10 =—0,506, cosP = i = 0,658, cosy = L =0,557,
19,748 19,748 19,748

a YI'JIbl, COCTABJIICMBIC MOMCHTOM CHJIbI C KOOPpAXMHATHBIMU OCAMHU, CIICAYIOIIUC
a=12024', B=4851", y=569.
KonTponb: A0mMKHO OBITH cos® o+ cos” B+ cos’ v =1 V Hac:
(- 0,506)> +(0,658)° +(0,557)% = 0,999.
3azmaua 3. HamucaTh pasjio)KeHHe BEKTOpa X = (5, 16, 2) 10 BEKTOpaMm
p=(210), 6=(0,-2,0), 7=(-152).

Pemenue.
1. Pasnoxenue BeKTOpa X 10 0asucy p, ¢, ¥ UMEET BUJL

X=0;p+0,g+a3F
WJIU B KOOpAUHATHOM hopme
Xy =0 py +0q; + 03
Xy = 0Py +0ogs + O30
X3 =0 p3 + Qg3 + 0373,
2. C y4eToM YHMCIIOBBIX 3HAYEHUI KOOPIUHAT BEKTOPOB P, ¢, F U X
IIOJIY4UM CUCTCMY ypaBHeHI/Iﬁ OTHOCHUTCJIIBHO HEN3BCCTHBIX al, (1,2, OL3Z
2.0 +0-a,—-1-a3=5 2000 =5+ 0, o =3
lroa;=2-a,+503=16 = <20,=0a;+53;-16 = Jo,=-4
0-00; +0-0y +205 =2 oz =1 oz =1

3. PasnoxkeHue BEKTOpa X II0 BEKTOPaM P, ¢, ¥ HMMEET BHLI:
Xx=3p—4q+r.



OtBer: X =3p—4q +7r.
—

3amaya 4. B napamenenunene ABCDA,B,C,D, Bextopsr AB = p,

_ —

AD =gq, A4, = r obpasyror O6asuc. Paznoxurs Bextoper AG, AP, AN,
110 BEIOpaHHOMY Oa3ucy, ecnu Touka G menut pebpo DD, B oTHOIIE-

Huu 1:2; Touka P — touxa nepecedenus auaronaneii rpanu DD, C;C; Touka

N — cepenuna pedpa B;C.

Pemenue.
[Toctpoum yeprex. HemocpeACTBEHHO U3 YepTeKa CICIYET:
> > _ 2 _
C AG:AD+DG:q+§r,
1. - 1.
AP = AP1+AP2+PzP—5p q+5r,
> 1. =
c AN, = AB+ BN+NN1 p+5q+r
OtBet: AG = +z AP—1*+#+1F
q 3 2]7 q >
— . 1.



IIpsiMasi ¥ MJIOCKOCTH
IlaockocTth. Ee ypaBHeHus

Ax+By+(Cz+ D=0 — (25)
o01iee ypaBHEHHE TTOCKOCTH.
A(x—xo)+B(y—yo)+C(z—zo)=O — (26)

ypaBHEHUE TUIOCKOCTH, IPOXOIAIIEH Yepe3 Touky M, (xo y Voo Zo)
NEPIEHIUKYISAPHO BEKTOPY M = (A, B, C).
X z
SAPA . (27)
a b c
ypaBHEHHE TUIOCKOCTH «B OTPE3Kax». 31ech da, b, ¢ — BEIMUYUHBI OTPE3KOB,

OTCCKACMBIX INNIOCKOCTBIO HAa OCAX KOOPpAHWHAT.
Ax+By+Cz+D

=0 — (28)
+ \/ A%+ B? + C?
HOPMAJIbBHOC YPAaBHCHUC IINIOCKOCTH.
g | Ax, + By, + Cz, + D|
\/ A% + B + C?

paccTostHue OT Touku M. (xo » Voo Zo) 1o wiockocth Ax+By+ Cz+ D=0,

X=X Y= zZ=Z

Xo=X| Yo=Y Zp—z;|=0 - (30)

X3 =X V3=V 2372
YPaBHEHHE IIOCKOCTH, MPOXOIAILEN YEPE3 TPU TOUKU Al(xl, Y1 Zl) :

A21(x2,y2,22), As(xs:yyzs)-

(29)

IIpsamas. Ee vypaBHeHust

Ax+Bv+Ciz+D; =0
{ 1 1V 1 1 B (31)

06HIee YPaBHCHHC HpﬂMOﬁ (HpﬂMaH 3a/[aHa IICPCCCUYCHUCM [IBYX HHOCKOCTGP’I).
x_'xo_y_yo zZ—Zz,

- — (32)
m n p

KaHOHHYECKOE ypaBHEHHE MpsiMoit, Tine M, (xo » Voo Zo) — TOYKa,
MpUHAJIe)KAIIAs] TIPSAMOM, a= (m n, p) — HaNpaBJISIIOIMNA BEKTOP MPSIMOU

(BEKTOp, MapajuieNIbHbIN MPSAMOI).



X =Xx,+mt
y=y, +nt - (33)
z=2z,+ pt

napaMeTPUUECKHE YPaBHEHHUS IIPSIMOH.

X=X — Y= _ Z—z (34)

Xp=X1 M=) 22737
YPaBHEHUE NPSIMOM, IPOXOASALIEN YePE3 ABE JaHHBIC TOUKU Al(xl, Vi Zl) :

Az(xz, Y2, Zz)-

+ +
cosQ = T T T PP - (35)

2 2 2 2 2 2
\/ml +n +pp '\/mz +ny, +p;
YTOJI MEXy JBYMS IPSIMBIMH, TIE d| = (ml, n, pl) U d, = (mz, n,, pz) -
HaHpaBHHIOHII/Ie BeKTOpBI prIMBIX.

. | Am+ Bn+ Cp|
siny = — (36)

\/A2 +B? + C? -\/m2 +n?+c?
YIOJI MEXKLY IIPAMOM M IJIOCKOCTBIO, TAE 1 = (A, B, C) — HOpPMAJIbHBIA BEKTOP

IUIOCKOCTH, d = (m n, p) — HANPaBJIAIOMIMUN BEKTOP MPAMOU.

=% A4, AIA; Ay Ay | — obwvem mupamunsl A; A, Az Ay, Toe

v

nUpamuobl

Al(xl’ Y1» 21)1 A21(x2’ Y2, Zz)’ A3(X3’ Y3, 23)’ A4(x4: Ya, Z4) -
KOODPJMHATHI BEPIIUH MUPAMUJIBL.
[|¥2=%1 V2= 2274
Vnupamudbz =—|X3—X1 V3TV Zz3 21| (37)
Xg=X1 Va=N1 2472
3amaya 5. JlaHBI KOOPAWHATHI BEPIIUH MTHPAMHUIBI A1(2, 1, — l),
A>(3,0,1), A5(2,—1,3), A4(0,8,0). Haitru:
1) yron mexny peopamu A; 4, u Ay Ay;
2) yron mexnay peopom A; A4 u rpansio A A, Az;
3) oobeM nupamuasl V'
4) paccrosiHue oT Touku A, nmo miockoctu A; A, As;
5) Touky Aj, CAMMETPHYHYIO TOYKEe A, OTHOCHTEIBHO IIOCKOCTH
A4, As;
6) Touky A, , CAMMETPUUYHYIO TOUKEe A, OTHOCHTEIBHO MpsiMOit A As.

Pemienue.
1) Yron mexny pedpamu HaxoauM 1o Gopmyiie (35).



—>
a, = A A4, = (3 -2,0-11- (— l)) = (1, -1, 2) — HaINpaBJIAIOLMNA BEKTOP
npsiMoit Ay A, ;

—

Gy =414, =(0-2,2-1,0—(=1))=(-2, 7. 1) — nanpasnsomyuii Bexrop
npsmMoit Ay Ay.

1-(—2)—1-7+2-1 =7 7
J2 (=12 422 (-2 + 72 + 12 V6-/54 18
2) CoctaBuM ypaBHeHHe mockoctd Ay A, Ay, mpoxopsiieit uepes Tpu

TOYKHU A1(2 1, — l), A2(3, 0, 1), Ay (2, -1, 3), o ¢hopmyie (30)

cosQ =

-2 y-1 z+1 x—=2 y—-1 z+1
3 2 0-1 1+1|=0, 1 -2 2 |=0,
2-2 —-1-1 3+1 0 -2 4

-1 2 1 -1
oL 30 Feen i

(x=2)-0—-(y—1)-4+(z+1)-(-2) =0,
—4y+4-2z-2=0,
4y +2z—2=0 — ypaBuenue wiockoctu A; A4, As;

n= (O, 2, l) — HOPMAaJIbHBIM BEKTOP IIJIOCKOCTH;

—

a= A4, = (— 2,7, 1) — HAIpaBISAIOIMNA BEKTOp IpsiMoit Ay Ay.

Haxomum yron y wmexny npsimoit Ay A, n mockoctio A; A, Ay mo
dbopmyne (36)

_ 0-(—2)+2-7+1-1 15
Siny = =

Jo2 122112 J(~2)P 172412 V554

3) Haxomgum o6bem nupamuisl o popmyse (37)

=09114.

A4, =(1,-1,2); A443=(0,-2,4); A44,=(-2,71).
111 -1 2 1
V=t—0 -2 4 ——(-30)=15.
6]-2 7 1 6

4) Paccrosinue ot Toukn A, 1o miockoctn Ay A, A3 HaxomuM 1o
dopmyne (29).

12-8+0-1] 15

Ja+1 5

5) YtoObl HaiiTi TOUKYy Ay, CHMMETPUYHYIO TOUYKE A, OTHOCHTEIBHO

=ié(—2+8—8—28)=

~ 6,60.

mnockoctu Ay A, Az, cienaem cnenyrolee.



CocTaBuM ypaBHEHHE NPSIMOM, IEPHEHAUKYIISIPHOM mnockoctu Ay A, A5,
npoxoseit yepes3 Touky A, 1o Gopmyne (32). 3a HampaBIAIOMUI BEKTOP
npsMOil d =n = (O, 2, 1) OepeM HOpMaIbHBIH BEKTOP TIOCKOCTH, T.K. psMast
HEePICHINKYIISIPHA TNIOCKOCTH:

x—0 y-8 z-0 x_y-8 z
0 2 1 0o 2 1
CocTaBuM mapamMeTpUyeCKue ypaBHEHHS 3TOH npsamMoii mo ¢opmyne (33):
x=0
y=2t+8
z=1.

Haxonum Touky nepecedeHus 3Toi NpsiMoit ¢ IockocTeio Ay A, A3

(x=0
x=0
y=2t+8
3 . = y=—6+8=2 — 2(2t+8)+t—1:0,
Z =
z=1
2y+z-1=0

5t+15=0, t=-3.
[Toyuaem Touky M| (O, 2, — 3) ; T.K. TOuKa A, CHUMMETpHYHa TOuKe A,
OTHOCHUTEINIBHO IIOocKOCTH A; A5 Az, To Touka M sBisAeTcs cepeJuHON 0Tpe3Ka
Ay A}, mosTomy

X4 +X4 0+x, , _
Xy = ——, 0= , x, =0;
M 5 5 4
Ya+ 4 8+ 4 r :
=, 2: , :—4,
Ym ) 5 Va4
Zy + 24 0+2z, ,
Zy = , -3= , z, = —6.
M 5 5 4
A4(0, -4, -6).

6) UroOsl HaiiTk TOUKY A, , CHMMETPUUYHYIO TOYKe A, OTHOCHUTEIBHO
npsimoit A, Az, cocTaBUM ypaBHEHHUE INIOCKOCTH, TIPOXOSIIEH Yepe3 TOUKy Ay
HeprIeHaNKyIIpHO npsimoit A A; 1o popmyne (26). 3a HOpMaIIbHBIN BEKTOP
MJIOCKOCTH N = d = (O, -2, 4) OepeM HalpaBILIIOIINI BEKTOp mpsiMoil A Az,
T.K. TUIOCKOCTh MEPICHIUKYIISIPHA TIPSIMOH.
0-(x—0)—2-(y—3)+4-(z—0) =0, —2y+16+4z=0, y=2z—-8=0.
Vpasuenue npsimoii  A; Ay cocrasisieMm o gopmyie (34).

x=2 y-1 _ =z+l1 x=2 y-1_ z+1

2-2 —1-1 3+1 0 -2 4
[Tapamerpuueckue ypaBHeHHs npsiMoit A; Ay




x=2

y==-2t+1
z=4r-1.
Haxomum Touky N mnepeceueHus npsmMoil A; A; ¥ IIOCKOCTH:
(x=2
y==2t+1
z=4r-1
y—2z-8=0,

—21+1-2(41-1)-8=0, —10t-5=0, tz—%,

x=2, y:—2(—%)+1:2, 2:4(—%)—1:—3.

Urak, Touka N (2, 2, — 3). Tak kak Touka A; CHMMETpHYHA TOUKE Ay

OTHOCHUTEINIBHO NpsiMoii  A; A3, To Touka N sBJIA€TCS CepeluHON OTpe3Ka

A Ay, Torna
X4 + xZ 0+ le-' "
X =, 2 - » Xq = 4’
Vgt Yy 8+ vy 1
=, 2 - » = _4’
YN 5 ) Va4
+ " 0+ "
_Z47 2 _ 3= 24 ) z) =—6, ToOuYKa AZ{(4, —4, - 6)-

Z ’
N 2 2



AHaJIUTHYECKAs] TeOMeTPHUS Ha IJIOCKOCTH
HexkoTtopsie cBeieHUs U3 TEOPUH
Ilpavas Juuus. Ee ypaBHeHnue

Ax+By+C=0 — (38)
o01iee ypaBHEHHE TIPSIMOTA.
X=X, VY—Y.
= — 39
- » (39)

ypaBHEHHUE PSIMOH, MPOXOoAsiei uepe3 Touky M, (xo, Vs ) a= (m n) —
BEKTOD, NMAPAIIIENBHBIN NPSIMOM.
A(x—xo)+B(y—yo):0 — (40)

ypaBHEHHUE TPSIMOH, MPOXOoasiieit uepe3 Touky M, (xo, yo) c
IEPIEHIUKYISPHBIM BEKTOPOM 1 = (A, B).

X—x _Y=n»n _ (41)

Xo =X V2=
ypaBHEHUE MPSIMON Ipoxo el yepes ase Touku M, (xl, yl) u M, (xz, y2) :

X,y
RA 42
P (42)

ypaBHEHUE MPSIMOM B «OTPE3KaxX», TIe d, b — BEIUYMHBI OTPE3KOB, OTCEKAEMBIX
IPSAMOM Ha OCSAX KOOPAHWHAT.
v=kx+b — (43)

ypaBHEHHE MPSIMOU C YTIIOBBIM KOIPPUIIHEHTOM Kk = (2 U OTpe3KoM b —
oTcekaeMbiM Ha ocu Oy .

y—y, =k(x—x,) - (44)
ypaBHEHHUE TPSIMOH, MPOXOoAsiieit uepe3 Touky M (xo, yo) C YIUVIOBBIM
ko3 durrienTom £ .

Ax, + By, +C
gl B Cl (45)
VA% +B?
paccTostHue OT Touku M (xo , yo) 1o npsimoit Ax + By+C =0.
Ax, + By, +C
=it (453)
VA% + B?
OTKJIOHEHUE TOUku M (xo, yo) OT MPSIMOIA.
A
k=—— — 46
Z (46)
yrioBoi kodddurment npsimoir Ax + By + C=0.
kl - k2 - (47)

YCJIOBHUE MApaJIIENIbHOCTH NPSIMBIX.



1

A 48
1 0 (48)
YCIIOBUE MEPTIEHUKYIAPHOCTH PSAMBIX.
k2 - kl
to = | 2751 49
& T kok, (49)

YTOJI MeX/Y JBYMS NPSMBIMH C YIIIOBBIMU Kodddunuenramu ky u k.
3ajaya 6. JlaHbl cepeIMHBI CTOPOH TPEYTOJIbHUKA
P(l, 2), Q(S, 1), R(— 4, 3). CocTaBUTh ypaBHEHUS €TI0 CTOPOH.
B(x:, v,) 1 cnioco0. Tak kak Touku P, O, R sABAStOTCS
cepenuHamu otpe3koB AB, AC, BC, 1o

P 0 x1+x2:1, x2+x3:5J x1+x3:_4’
2 2 2
A(xl’yl) R C(x3,y3) )/1_1_—)}2:2, ))22&:—1’ %:3
Pemraem nBe cucteMsl ypaBHEHHM
Xp+xy =2 Yty =4
X2 +X3:10 y2 +y3:—2
xl+X3:—8, y1+y3:6,
MOJy4aeM
Xl = _8 yl = 6
X, =0 v, =0 A(— 8, 6), B(IO, — 2), C(O, O).
Xq = 10, V3 = —2,

Temnepb cocTaBiisieM ypaBHEHHUSI CTOPOH TPEYTOJIbHUKA, KK MPSIMBIX, TPOXOSIINX
yepes JIBe TOUkH, o Gpopmyre (41).
VYpaBuenue AB:

X8 _ V=0 4iop-22-0
10+8 —-2-6

VYpaBuenue BC'
x—lO:y+2J X+ 5y =0,
0-10 0+2

VYpauenne AC':
X8 _y=0 4 iap—o
0+8 0-6

2 crioco6. He onpexenss koopaunar touek A, B, C, cocTaBUM ypaBHEHHUE

KaXI0W U3 CTOPOH TpeyroibHuka ABC, kKak mpsMoil, MPoXoIsAIIei yepe3 OHy
U3 BepIIMH Tpeyroibuuka POR mapaiienbHO IpOTHBOJIEXKAIIEH CTOPOHE.



YpaBuenue AB: npsimas AB mpoxomuT yepe3 TOYKy P mapauieIbHO BEKTOPY

—
OR = (— 9, 4). Hcnonszyem ypaBuenue (39).

-1 -2
A 4 = 4x+9y-22=0.
-9 4
Vpauenne BC: npsmas BC npoxoauT yepe3 Touky () mapauieibHO BEKTOPY
—
PR =(-51).
— 1
Xo YT = x+5y=0.
-5 1
VYpasaenne AC: npsmas AC TpoOXOaUT yepe3 TOUKYy R TapajuielIbHO BEKTOPY
—>
PO = (4, — 3).
4 -3
xrr.Y = 3x+4y=0.
4 -3

OtBer: 4x+9y—-22=0, x+5y=0, 3x+4y=0.
3agauya 7. CocTaBUTh ypaBHEHHUS KaTETOB MPSIMOYTOJIBHOTO
PaBHOOEIPEHHOTO TPEYrOJLHUKA, 3HAs ypaBHEHHE THIIOTeHY3bl 2X + 3y —5=10

¥ BEPIIMHY MPSMOTO yria (2, — 1) :
b N AB = BC (no ycnosuio), mostomy LABC = ZACB = 45°,

o 2
45 kpc = -3 ( mo popmyne (46)). YpaBHeHus karetoB AB u

45° AN
AQ. A ¢ BC cocraBiseM o popmyne (44): y+1= k(x — 2).

k+z
tg45° = —23 (49)
1-Zk
3
k+g
_23211
1-Zk
3

Pemast 31 ypaBHEHUs, TOTYyUHM:

kzé, y+1:%(x—2), 5p+5=x-2, x—=5y-7=0.

k=-5, y+1=—5(x—2), y+1=-5x+10, 5x+y—-9=0.
Oter: x—5y—-7=0, S5x+y—-9=0.
3amaya 8. B TpeyroybHHKE C BEPIIMHAMHM A(3, — 2), B(— 1, 1), C(S, — 7)
HaliTh OuccekTpucy BHyTpeHHero yrina LABC .



B_x 1) CocraBum ypaBHenus cropos yria ZABC,
BOCIIOJIb30BaBIINCH (popmyson (41).

5102 Cropona BA:
1 -1
xr _J , —3x—-4y+1=0.
3+1 —-2-1
Cropona BC':
1 -1
xrl_Y , —8&—-6y-2=0.
4 ¢ 5+1 —4-1
\ N 2) Touku OMCCEKTPUCHI PaBHOYIAJICHBI OT CTOPOH

yrna. [IpupaBHseM paccTOSHUS OT IPOU3BOIBHOM
TOYKH OMCCEKTPUCHI M(x, y) 1o cropoH yrna BA u BC, BBIMUCISAS UX 110
dbopmyne (45).

|—3x—4y+1| |—8x—6y—2| |—3x—4y+1| |—8x—6y—2|
e eee S 10
W13 nocieqHero paBeHCTBA OJIyYaeM CIEAYIOUIHE JBa:
2-3x—4y+1)=—8x—6y—2 n 2(-3x-4y+1)=—(-8x—6y-2).

[Toce mpeoOpa3oBaHus MOTyYaeM YpaBHEHHS ABYX MPSMBIX, KOTOPBIC SIBISIOTCS
OMCCeKTprUCaMK BHYTPEHHETO U BHEITHETO YIJIOB IPH BEPIIUHE B TpeyroibHUKA

ABC':

x—y+3=0 (a)
u x+y=0. (6)
J1IJ1s1 OUCCEKTPHUCHI BHYTPEHHETO yTIjla TPEyrojibHuka BN OTKIOHEHUWsS BEPIIUH
tpeyroiapbHuKa A W C WMEIT pa3HbIC 3HAKH, a JJII OMCCEKTPUCHI BHEIITHETO
yrnma BK — 3HaKu OTKJIOHEHHWM OJMHAKOBBHI.
Hatigem otkinonennst Touek 4 u C ot npsmoii (a) mmo ¢opmyne (40,a):

3-(-2)+2 7 5-(-7)+2 14 0

= = = = >
Jizs2 V2 J2i2 V2
clIeIoBaTeIbHO, ypaBHEHUE (a) —3TO ypaBHeHHe npssmoii BK. Torma ypaBHeHue

OMCCEKTPUCHI BHYTPEHHETO yriia TpeyroibHuka ABC mpu BepimmHe B!
x+y=0.

d 4 >0, O,

Otget: x+y = 0.



JIMHUM BTOPOro mopsiiKa

OKpY)KHOCTh. YpaBHEHHE
(x—a)2 +(y—b)2 = R? (50)

OTIpEJIEIISIET OKPY>KHOCTh pajinyca R ¢ IEHTpOM C(a, b). Ecnu nentp

OKPYKHOCTH COBIIAAACT C HA4YaJIOM KOOpAMUHAT, T.C. d = b= 0, TO YPaBHCHHC
OKPYKHOCTH IIPUMCT BUJ

x> +y? =R%. (51)
OGiiiee anredpanyeckoe ypaBHEHHUE BTOPO CTEIICHH
Ax? +2Bxy+ Cy? +2Dx+2Ey+F =0
ecTh ypaBHeHHE OKpyxHOCTH, ecii A =C#0, B=0, T.ec.

Ax® + Ay? +2Dx+2Ey+ F =0. (52)
DJLIUIIC.
2 .2
+l=1- (53)
a~ b
ypaBHEHHE dJuImIca (KaHOHUIECKUH BHI).
b* =a*-c?, a>b. (54)
B sTOM citydae (hOKyChI 3JUIHIICA KMEIOT KOOPIMHATHI
Fl(— c, 0) u F, (c, O). (55)

Hauano koopauaar O — LEHTp CHMMETPHH DIUIHMIICA, & OCH KOOPIUHAT — OCH
CUMMETpHH diuiunca. Touku Al(— a, O), Az(a, O), BI(O, —b), B, (O, b)
HA3BIBAIOTCS BEPIIMHAMM DIUIMIICA, ¢ W b — Ooblias ¥ Maas HOJIyOCH.

Beauunna
c
e=—<1 (56)
a
Ha3bIBACTCS SKCLEHTPUCUTETOM AJUIMIICA. DKCIIEHTPUCUTET XapaKTEPU3yeT

BBITSIHYTOCTb DJIIMIICA, T.K. BEIPAXKAETCS YePe3 OTHOIIEHUE €r0 IOIYOCe
2 2 2
c Na“-b | ( b)

€= (57)

a a a

OKpPY>KHOCTh MOKHO CYMTATh YACTHBIM CIy4aeM DILIMIICA, Y KOTOPOTO
a=>b,te. £€=0.

x=x— — (58)

M

YpaBHEHUS JUPEKTPUC.
Ecnu hoxycsl amumnica pacnonoxeHsl Ha ocu Oy, TO ypaBHEHHUE AILIHIICA

umeeT ToT ke Buj (58), Ho b > a. DoKychl UMEIOT KOOPUHATHI: Fl(O — c) u

K (O, c). YpaBHEHUS TUPEKTPUC



y= ig (59)
['unepbona.
2 2
X Yoo,
a_2 — b_2 =1 (60)

KaHOHMYECKOE YpaBHEHHE TUIIEPOOJIBL.

b*=c*—a*, a<ec. (61)
dDoKychl IMEIOT KOOPJUHATH [} (— c, 0) u I, (c, O). OcH KOOpAMHAT SIBJISIOTCS
OCSMH CHMMETPUH TUIIEpOOJIBL, a Touka (O — LEeHTp cMMMeTpuu. [ unepbosia
nepecekaeT och a0CIUCC B TOYKAX Al(— a, 0), Az(a, O) , KOTOpbIC Ha3bIBAOTCS
¢¢ ICHCTBUTCIIHHBIMHU BEPIINHAMH, a BEIMUNHA d — JCHCTBUTEIBLHOM MMOIYOCHIO
runep0osbl. Touku BI(O, —b) u B, (O, b) HA3bIBAIOTCS MHUMBIMU BEPIIHHAMH,

a b — MHuUMas IIOJIYyOCh. HpHMOYFOJIBHI/IK C OCHTPOM B HaA4YaAJIC KOOPAHUHAT U CO

CTOPOHAMM, NAPAJIIETbHBIMUA KOOPAUHATHBIM OCSIM U MPOXOIAIINMH YEPE3
BEPILIMHBI TUIIEPOOIIBI, HA3bIBAETCS OCHOBHBIM MPSMOYTOJIBHUKOM TUnepOosibl. Ero
JaroHaan

y=t—x (62)

SBJISIOTCSI CUMITTOTAMU TUIIEPOOJIBI, T.€. MPSIMBIMH, K KOTOPHIM HEOTPAHUYECHHO
MPUOINKAIOTCS BETBU TUIIEPOOJIBI.
DKCIIEHTPUCUTET TUIEPOOITBI

e=S>1. (63)
a
2 2 2
p_C_Nai+b 1+(9j | (64)
a a a

Ecmu a = b, runep6osa Ha3pIBae€TCS paBHOCTOPOHHEH. B 3TOM citydae 0CHOBHOIA
NPSIMOYTOJIBHHK MPEBPAIaeTCs B KBaPaT, a SKCIICHTPUCUTET PaBeH 2 .

X = -_f—ﬂ — (65)
€
JTUPEKTPUCHI TUTIEPOOITHI.

Ecnmu ypaBHeHUE TUIIEpOOIIBEI UMEET BUT

x2 y2
- —2 + —2 = 1 y (66)
a b
TO ACUMIITOTHI FI/IHep6OJ'H:IZ
x:ié

¥y, (67)
a



(okyceI FI(O — c), Fz(O, c).

y= ié - (68)
€
ypaBHEHHSI TUPEKTPHC.
[Tapabomna.
Kanonndeckoe ypaBHEHHE TapadoIb!
y2 = 2px (p > O), (69)

rne p — paccrosHue oT GoKyca A0 JUPEKTPUCHL. Y paBHEHUE AUPEKTPUCHI
X = —%, KOOpAWHATHI pokyca [ (%, O) . Hauano koopauHar siBnsercs

BEPIIMHOM mapabosibl, a 0Ch aOCIIUCC — €€ OChI0 CUMMETPHH. DKCIICHTPUCUTET
napaboner € = 1.
B psine ciydaeB paccMaTpHBarOT MapadoJIbl:

a) y2 =2px, F (— g, O) —dokye, x = g — ypaBHeHue qupekTpucer,  (70)
2 _ P __ P :
0) x“ =2py, F (O, 5) —doxkye, y = = ypaBHeHHe AupekTpuckr;  (71)

B) x? =22 py, F (0,—§j —@dokyc, y = g —ypaBHEeHHE AUPEKTpUchl.  (72)

Jns Bcex ciydaeB p > 0.
3amada 9. Cpeau npsMBIX TapaUIeNbHBIX npsiMor  2x + y = 0, BeLIeHUTH

2 2
KacaTelbHbIC K OKpY)KHOCTH X~ + )~ = 1.

Pewienue. YpaBHeHUE BCIKOU NMPSAMOU, MAPAIIIENBHON JAHHOM, MOKHO
3amucaTh B BUIE
2x+y+c=0.
KacarenbHas K OKpyKHOCTH UMEET C HEW TOJIBKO OJHY OOIIYIO TOUKY, TOATOMY
COBMECTHOE PELICHUE YPAaBHEHUH IIPSIMOM U OKPYKHOCTH JOJIKHO UMETH TOJIBKO
OJIVH OTBET.
W3 ypaBHeHHS IpIMOil ) = —2x — C.

y=-2x-c
{x2+y2:1, x2+(—2x—c)2=1, 5x2+4cex+ct-1=0.
KBa,Z[paTHOC YpaBHCHHUC UMCCT TOJIBKO OAHO PCIICHUC, KOTJa AUCKPUMHWHAHT
paBeH HYJIIO: (4c)2 — 4-5-(02 — l) =0, otkyma c= +/5.
HTaK, HCKOMBIC KaCaTCJIbHBIC UMCIOT YPAaBHCHUA
2x+y+\/§=0, 2x+y—\/§=0.

3agada 10. Jlan smmmmnc 9x? + 25y2 = 225. Haiitu: 1) ero momyocu; 2)
boKyChI; 3) 3KCIIEHTPUCHUTET; 4) ypaBHEHUS TUPEKTPHUC.



Peuienue. [lenum Ha 225, nonydaem

X2 y2
MM

25 9
Orcrona cieayer mo hopmyie (53),yro a =15, b= 3. U3 bopmyasr (54):

¢ =a’-b>=25-9=16, c=+4
ITo popmyne (55): Fl(— 4, 0), F2(4, O).

4
Okcuentpucurer (56): € = c_ g
a
VYpaBue e c corimacHo (58): x == +25
BHEHUS TUPEKTPHUC COTIIACH —=t—.
P peip 4/5 4
4 25

Otmser: a =5, b=3; Fl(—4, O), F2(4, O); 8=§; x=*t—.

3agaya 11. CocTaBUTh KAHOHMYECKOE YPaBHEHUE DJUIUIICA, Y KOTOPOTO
Majas noiryock 2+/6, a paccrosHue Mexnay Gpokycamu Fjf, = 8.

Pewenne. b =26, FF,=2c=8 c=4
2
ITo popmyie (54): a’=b*+c?, a* = (2\/8) +4% =40, a =40 =210.

2 2
Y

+
40 24
3amada 12. AcumMnToTsl rumnepOoiibl uMeroT ypaBaeHuss 4y +3x =0, a
paccrosiare Mexay ¢pokycamu paBHo 20. Hammcath ee KaHOHHUYECKOE ypaBHEHHE.

VYpaBuenue surca coriaacHo (53):

3
Pemenue. YpaBHEHHS aCUMIOTOT J = 4x coryacHo popmyne (62):
b_3
=7 Kpome Toro F1F, =2c¢ =20, ¢=10. Ilo popmyne (61):
a
c? =a’ +b°, MOJTy4aeM CUCTEMY ypaBHEHHUI
b_3
a 4
a® +b* = 100.
Pemas ee, monydaeM a =8, b= 6. CuenoBarenbHo, KAHOHHYECKOE YPaBHEHHE
2 2
TUIIEPOOJTBI: I A
64 36

2 2

3amaua 13. Jlana rumepOosia % — yT = —1. Ha¥iTi KoopIuHATHI

(GhOKYCOB M BEPIIIMH, YKCIICHTPUCUTET, YPAaBHEHUS aCUMIITOT U TUPEKTPUC.
Perrenne. ®okychl JaHHOM rHIIEpOOIIBI pacoiokeHsl Ha ocu Oy .

a=1b=3 c=va’+b> =J9+1=410. (61)



3HAYUT POKYChl HIMEIOT KOOPIUHATHI FI(O — \/E) Fz(O, \/E) Bepmmab
Al(O, — 1), Az(O, 1), B, (— 3 O), B2(3, O). DKcrueHTpucHTeT 110 hopmyiie (64):

10
S IR 1)
a 3
YpaBHEHU aCUMIITOT: X = ié y = x=13y.
a

b 3
VYpaBHEHUS JUPEKTPUC: ¥y =Ft— = y= iTO.

c

3amaya 14. ITlapaGosa ¢ BepmIMHOM B Hayaie KOOPAUHAT MPOXOIUT Yepes
TOYKY A(l, — 2) ¥ CHMMETpPUYHA OTHOCHUTENBbHO oc (Jy. Hamwmcats ee

ypaBHeHue. Haiitu hokyc u qupekTpucy.
Pemienue. YpaBHeHHe UCKOMOI mapadodisl o hopmyne (72) uMeer BUI

x? = —2py. Touka A(l, - 2) JeXUT Ha mapabdoiie. [loacraBisemM KOOpAUHATHI

1
Toukn A BypaBHeHue: 1=-2p- (— 2) = p= 7 CrnenmoBareiabHO, HCKOMOE

1
ypaBHEHUE OyIeT x? = 3 y Wwm y = 2x2,

1 1
®oxky nmapaboier: F (0, - gj . YpaBHEeHUE TUpEKTpUCHI corsiacHo (72): y = s

2 o
3agaya 15. Ha mapabGone y~ = 4x HaWTH TOYKH, PACCTOSHHUS KOTOPBIX OT
JTAPEKTPUCHI PAaBHO 5.
. __P
Pemenue. YpaBHeHHE TUPEKTPUCHI TaHHON mapadoibl X = ——,

2p=4, p=2, x=—1. Torna paccrosiaue ot ocu (Jy 10 UCKOMOKH

(=4-F -5 1= 4r0uxn uoro paccTOsSTHUE ONPEICTUT KOOPIUHATY X

naHHOU TOukH, T.e. X =4. KoopauHaty y Halijiem u3 ypaBHEHHUS mapadoJIbl:
yi=dx, y*=4-4=16, y=14
I/ITaK, M1(4,4), M2(4, — 4) .



JUHEWHASI AJITEBPA

Pemienue cucrem JIMHEHHbIX ypaBHeHuil MeToaoM Kpamepa

PaccmoTprm HEOTHOPOAHYIO CUCTEMY JIMHEWHBIX YPABHEHUN
al lx + alzy + al3Z = bl
ay)x+ayy+ayz=>b, (1)
a31x + a32y + a33Z = b3

BBenem 0003HaueHU:

app 4 aps

A=|ay, ay, a,3| — ONpEHEIUTENb CUCTEMBI,
dsz; dzp dsj
by ap, ap ayy, by ap ay, ap b
Ay =|by ay axy], Ay =l\ay; by ax|, A =|ay axpn by| -
by a3 asx as; by asx as; aszy by

BCIIOMOTI'aTCJIBbHBIC CUCTCMBI.

1. Ilycte A # 0, Torna cuctema (1) mMmeer eJMHCTBEHHOE PEIIICHHE,
KOTOpOE HaXOJUTCS 10 popMysiam

X
X A y A z A
2. Ilycte A = 0. Bo3MOXHBI JiBa CITydas:
a) eciu XOTs Obl OJMH U3 BCIIOMOTATEIbHBIX OMPEICTUTENCH OTIIMUEH OT
HyJIs, TO cuctema (1) He uMeeT pelleHui;
0) eciu Bce BCIIOMOTATEIbHBIE OMPEACIUTENS PaBHBI HYJIIO, TO CUCTEMA
(1) mu0o He umeeT perieHu, 100 UMeeT UX OECKOHEYHO MHOTO.

IIpumep. Pemmnrts cucteMy IMHEWHBIX YpaBHEHHN MeTo1oM Kpamepa

3x+2y+z=5
x+y—-z=0
4x —y+5z=3.
Pewienue.
3 2 1
Azél1 11 —51 :3(5—1)—2(5+4)+1(—1—4):—117&O,

CICA0BAaTCIbHO, CUCTCMA UMCCT CAMHCTBCHHOC PCIICHUC. CocraBuM
BCIIOMOI'aTCJIbHBIC OIIPCACIUTCIIA:

5 2 1 3 5 1 3 2 5
A=/0 1 -I|=11, A=|1 0 —-1|=-33 A=|1 1 0|=-22.
3 -1 5 4 3 5 4 -1 3

Torma x=-1, y=3, z=2.



MaTpuubl U AeiicTBUS HAX HUMU. PelieHne cucreM JIMHEHHBIX
YPaBHEHHMH CpeICTBAMM MATPUYHOI0 UCUMCJICHUSA
Marpuneii nopsaka 7 X 1 Ha3bIBACTCS MPSIMOYTOJIbHAS CUCTEMA YHUCE

all Cllz aln
_| 921 dap Arp | —
A= n a;;
Am A2 An

Croocenue. Cymmon marpuny A = (al-j) u B= (bl-j), rae

i=12,....,m j=1,2,.., n, naseiBaercsa matpuna C = (cy) = (aii +bl-j).
OueBHIHO, YTO CKJIAIBIBATH MOYKHO MATPHIIBI TOJIBKO OJHOTIO HOPSIKA.

Ymnoowcenue mampuy na yucno. IlpousBenaenreMm Matpuibl A = (al-j) Ha

gricio k # 0 nHaseiBaetcs matpuia C = (CU) = (kal-j )

Yunoowcenue mampuy. Tlpoussenaenuem MaTpunbl A = (al-j)

(i=1,2,...m j=12, .., 1) HamMarpuiy B:(bl-j)
(i=12,...,n j=1,2,..., k) Ha3pIBacTCS MaTpuIla C:(cl-j) nopsiJiKa

NIPOM3BEICHUH 3JICMEHTOB I —OW CTPOKU MaTpUllbl A Ha COOTBETCTBYIOIIUEC
AJIEMEHTHI j — OTO CTOJOIa MaTpullbl B.
Omnepanusi yMHOKEHHsI MAaTPUILL, BOOOLIE rOBOps, HE KOMMYTaTUBHa, T.€.

AB # BA.
Obpawenue mampuy. TlycTh onpenenuTens KBaIpaTHON MaTpuIlsl A
OTJIMYEH OT HyJs. B 3TOM ciydae Marpuiia Ha3bIBA€TCS HEBBIPOXKACHHOMU. [

BCSIKOM HEBBIPOXKICHHOW MaTPHIIBI CYIIECTBYET oOpaTHas MaTpuIla A7 Takas,
ayro AA ' =A47'4= E, rne E — enuHM4YHas MaTpuIia.
1. Tpancnonupyem Matpuiy A, T.e. 3AMCHHM €€ CTPOKH Ha CTOJIOIBI C
TEMH K€ HOMEpPaMHU:
dyp dpr 4z
' —
A'=|ap ay ay
a3 dpz  dzz
2. 3aMeHUM BCe DJIEMEHTHI MaTpHIlbl A WX anre0pandecKuMu
JIOTIOJTHCHUSIMU ;
Al 1 A21 A31
’ —
A" = A12 A22 A32
A13 A23 A33



A

3. OOparHasi MaTpuIla HAXOIUTCSA IO hOpMYyIIE: Al = |— rje

| A| — OIIPEACIUTENb MATPHUITBI A.
Barmmmmem cuctemy (1) BBune AX =B, tne A= (al-j) — MaTpuIa

CHUCTEMBI, KOTOPasl MPEII0JIaracTCsl HEBBIPOXKACHHOM, B — BEKTOP-CTOI0C
CBOOOHAS WICHOB, X — BEKTOP-CTOJIOCI] HEM3BECTHBIX. Torma

X=A'B. (2)
OTpickanue pemieHus no Gopmyne (2) U Ha3BIBAIOT MATPUYHBIM METOJIOM
petenus cuctemsl (1).
[Tpumep 1. HaiiTu cBA3b MEXKTYy KOOpAUHATAMU BEKTOPOB X = (xl, xz) u

CX, rne sz(A, B).
-5 - )
A:(_3 _J, B:(O o)’ f(4, B)=24" +74B.

Peinenue.

s (=5 —D\(=5 —1y (25+3 5+1) (28 6) (56 12
24 ‘2(—3 —)(—3 —1)‘2(15+3 3+1)_2(18 4)_(36 8)’
=5 “TY(1 =2 (=5 10 (=35 70
7AB‘%F3 —JQ) oj‘ﬂ;s 6)‘(—ﬂ.4ﬁ’

_ (21 82 yl)_c(xl)_(21x1+82x2)
C_f(a’b)_(IS 50)’ ()’2 -\, \U5x; +50x,)°

H[ZI/IMCQ 2. Pemmth CUCTEMY CpCACTBAMH MATPHUYIHOI'O HCUHUCIICHUA:

3x+2y+z=35
x+y—-z=0
4x —y+5z=3.
Pewienne. 3aech
3 2 1 5 X
A=|1 1 -1|, B=|0|, X=|y]|.
4 -1 5 3 z
| a | = —11+# 0, mosToMy CyIieCTByeT MaTpHUIla A~ Haiinem ee.
3 1 4
1. A'=12 1 -1].
1 -1 5
N 4 —-11 -3
2.A'=|-9 11 4.
-5 11 1

—4/11 1 3/11
3.4 = 9/11 —1 —4/11].
5/11 -1 —1/11



Torma

X -4/11 1 3/11)\(5 —-20/11+9/11 -1
X=4"'B= vi=| 9/11 -1 —-4/11||0|=| 45/11-12/11 |=| 3
z 5/11 -1 —1/11)\3 25/11-3/11 2

Panr marpuubl. Teopema Kponexepa-Kanenin

Onpeodenenue. Panrom Matpuiibl A Ha3bIBACTCS HAUBBICIIHN TOPSIOK
OTJIMYHBIX OT HYJISI MUHOPOB (T.€. ONpeae/IuTeNIel K -ro mopsaKa, COCTaBICHHBIX
U3 DJIEMCHTOB, CTOSIIMX Ha IMEPECEYCHUH JIIOOBIX A CTPOK U k CTOJOIOB
MaTpuIpl A ).

O0o3HaueHUs: r(A), rangA.

[Ipu BeIYMCIIEHUH paHTa OOBIYHO UCIOJIB3YIOT CIEAYIONINE SJIEMEHTapHBIC
npeo0pa3zoBaHus, KOTOPbIE HE MEHSIOT €TO0:

1) mepemMeHa MecTaMu JIBYX CTPOK HJTH CTOJIOIIOB;

2) YMHOKEHHE CTPOKH (CTOJI0I1a) Ha YUCIIO, OTIIMYHOE OT HYJIS,

3) npubaBjIeHHE K CTPOKH (CTOJIOIY) IPYroi CTPOKH (CTOJIOMA),

YMHOKEHHOU Ha MPOU3BOJIbHON, OTIIMYHOE OT HYJISI, YHCIIO;

4) BeIOpachIBaHUE HYJIEBOH CTPOKH (CTOJIONA).
[Ipu 3TOM CcTaparoTcs MPUBECTU MATPUILY K TPEYTOJILHOMY WITU
KBa3UTPEYTOJIbHOMY BHUTY.

PaccMoTpuM cucrtemy JIMHEWHBIX YPaBHEHUN

allx + a12y+...+a1nt = bl
ale + a22y+...+a2nt = bz

3)

[lycte A= (al-j), rne i=1,2,....,m j=1,2,.., n, —Marpuna CuCTeMbl.

Marpuna
a4 ay, | b
B= a; dp a, | b
B ... | ...
aml am2 amn | bm

HAa3bIBACTCA PACIIMPEHHON MATPULIEU CUCTEMBI.
Teopema Kponexepa-Kanennu. Cuctema (3) coBMeCTHa, T.€. UMEET XOTs
OBl OJTHO pelIeHHE, TOT/Ia U TOJILKO TOT/a, Korna rangA = rangB.

H[}I/IMCQ. Y CcTaHOBUTH COBMECTHOCTD MJIM HECOBMECTHOCTH CUCTEMBbI
x+5v+4z+8t=1

JMHEWHBIX ypaBHEHUH 2x—y+2z—t=0
Sx+3y+8z+t=1.

Pentenue. Nmeem



B=|2 -1 2 -1 | 0],
5 3 8 1 |1

Brrutem u3 3-it ctpoku 1-1o:
1 5 4 3 |1
B~12 -1 2 -1 | 0]
4 -2 4 -2 | 0
Pa3nenum anemMeHThl TpeThEN CTPOKK HAa 2 W BBIYTEM U3 MTOIYYEHHOU 3-U CTPOKHU
2-10:
1 5 4 3 | 1
B~|2 -1 2 -1 ] 0}
0O 0 0 O | O

Brruepkaem 3-10 CTpOKY:

1543\1)
B”(z -1 2 -1 1] o

Orcrona BUIHO, UTO rangA = rangB = 2, T.K., HanpuMmep, OTJIMYCH OT HYJIS
MHUHOP BTOPOTO MOPSAKA
1 5
2 3
CIIeIOBATENbHO, CHCTEMa COBMECTHA. (3aMETHM, YTO 3Ta CUCTEMa UMEET

OECKOHEUHO MHOT'O PEIIEHUM, T.K. paHT €€ MAaTPHUIIbl [P ’TOM MEHBIIIE YUCTIa
HEHM3BECTHBIX ).

JIuHelHbIEe ONIepaTOPHI M KX MATPHULBI

Onpeoenenue. ToBOPAT, uTO B NMHEHOM mpocTpancTBe R” 3anan
oneparop A (npeobpaszoBanue A), eciu KaxaoMmy BekTopy x € R” mocrasieH B

COOTBETCTBHE 10 HEKOTOPOMY 3aKOHY €IMHCTBEHHBIN BekTop ) € R”.
Omnepatop A Ha3BIBACTCS JIUHEUHBIM, €CITU

1) A(x +y) = Ax + Ay,
2) A(kx)— kAx.
Ilycts ey, e,, 3 — 0a3uc B IPOCTPAHCTBE R?. Tax xax

3 o
Aey, Ae,, Ae; — BEKTOPHI MPOCTPAHCTBA R, TO KaXKIbIi N3 HUX MOXKHO

CIANHCTBCHHBIM 06pa30M Pa3I0XKUTh I10 63.31/10y:
Ael = allel + a21€2 + a3le3

A62 = a12€1 + a2282 + a3283
Ae3 - a13el + a23€2 + a33e3.
Marpuna



dip dip 43

A=|ay ay axy

d3; d3zp  dss
Ha3bIBa€TCs MaTpuUlell IMHEHHOTo onepaTopa (JIMHEeHHOro npeodpasosanus A B
basuce e, ey, e3. Ee j-it cronben cocraieH u3 koopausar Ae;. (Jluneiinbie

OIIepaTOPbI M X MATPHUIILI MBI OyJIeM 0003HAaYaTh OJITMHAKOBBIMH OYKBaMH).
TlycTh X = Xj€; + Xy, +X3¢3 €R>. Torna Ax = x|e, +xhe, +x4es, e
X| = ayx) +apx; +ap3x;
Xy = ay1X) +anX; +ayx;

, —
X3 = a3 1X| +dzpXy +d33X3

WIH
X X1
x5 | = Al Xy
X3 X3

Hanx oneparopaMy MOKHO MPOU3BOJIUTH ACHCTBHSI CIIOKEHUS, YMHOXKCHHS
Ha YMCJI0, YMHOKCHHUS U OOpAIEHUs, TIPU 3TOM COOTBETCTBYIOIINE ACHCTBHS
MIPOM3BOIATCS HAJl UX MaTPHUIIAMU. 3aMETUM, UTO MPOU3BEACHHUE OTIepaTOpoB AB
eCTh TIOCTIeIOBAaTEIbHOE PUMEHEHUE oniepaTopa B, a3arem A

(AB)x = A(BX).
Ilpeobpaszosanue bazuca. Uzmenenue KoopouHam eekmopa npu nepexooe K

3
Hoeomy 6azucy. Mzmenenue mampuyst onepamopa. 11ycTh B mpocTpancTBe R
naHbl 1Ba 6asuca: e, e,, e3 U e, e;, €3, CBsI3aHHbIe COOTHOLICHUSAMH

, —

e] = byje; +bye; +byie;
’ —

ey =bjpe  tbye, +bye;
' —

e3 = byze +byze, +bize.

Marpuna
bl 1 b b 3
B= b21 bzz bz3
531 b32 b33

Ha3bIBACTCS MATPHILIEH IIEpEXoa OT CTaporo Oasuca ey, e,, e; K HOBOMy 0Oa3ucy
e, e, e;3.
Ilycte X;, X,, X3 — KOOpAMHATHI BEKTOpa X B Oazuce e, €, e3,a
X{, Xy, X3 — €ro KOOpIWHATHI B 0asuce e[, e,, ;. Torma
X1 x| X X1
X, | =8| x5 |, x5 =87 x,

!

X3 X3 X3 X3



Ilycte A — matpuia omeparopa B cTapoM Oasuce e, e,, €z, Toraa
matpuna A’ — 3TOro onepaTtopa B HOBOM Oasuce e[, e), €3 HaXOMUTCS 10
-1
bopmyne A' =85 AS.
ITpumep 1. IocTpouts Matpuily oneparopa A B IPOCTPAHCTBE R?:
A — oreparop 3epKaJbHOTO OTPaKEHHsI OTHOCUTENLHO ocu Oy u

MOCJIETYIONIEro MOBOpoTa Ha yrosl 30° MpOTUB YaCOBOM CTPEJIKH.
Pemenue. Jlnst Toro, 4ToOb IOCTPOUTH MATPHUILY ONEpaTOpa, HY>KHO 3HATh,
KaK OH JICWCTBYET Ha Oa3ucHbIe BeKTophl. CaenaeMm ueptexu. [Tycte C —

orepaTop 3epKaIbHOTO OTpakeHusi, B — omepatop moBopota. Torma A = BC.

N N

Ae,

Ce,=e, 4 2 Ce,
|
f\ R Ce, R

&
<

Ce,

2
v

A 4

N3 puCYyHKOB ICHO, YTO
Aey = B(Ce;) = —cos30°e; —sin30° e, = —J3/2e, -1/ 2e,,
Ae, = B(Ce, ) =—5in30"e; +cos30°e, = —1/2e; + J3/2e,,

A:(—\/?/z —1/2)'

~1/2 3/2
(HamoMHMM, 9TO KOOPIMHATHI BEKTOpa Ae; 3alMChIBAIOTCS B MEPBBI CTOIOEI
MaTpuilbl A, a KOOpAWHATHI BeKTopa Ae, — BO BTOPOIA).

Ilpumep 2. B Ga3zuce e, e, 1aH BEKTOp X = (4, — 2). 3anucath MaTpUILY
nepexoa ot 6asuca ey, e, K 0asucy ey, ey W HaliTH KOOPAWHATHI BEKTOpAa X B
HOBOM 0asuce, eciin €] =—5¢; —3e,, e, =2e;—Te,.

Pewienne. Mmeem:

(=5 2 L (=7/29 —2/29
B‘(s —7)’ B ‘(—3/29 —5/29)’

X\ _(-7/29 —2/29)(4)_(—24/29) v B
(xgj‘[—3/29 5720 2)=\2/29) x=(-083 -007)

[pumep 3. Haiitu marpuiry A’ nmueiinoro omepatopa A B 0asuce
ej, ey, eCIIi N3BECTCH ee BUJ B 0asuce e, e, !

A=(_14 _0)’ e] =—5e; +3e,, e =2e,—Te,.

Penienue.



(=5 2 L (=7/29 —2/29
B‘(s —7)’ B ‘(—3/29 —5/29)’

o (=7/29 —2/29Y( 1 —3\(=5 2
4'=5 AS‘(—3/29 —5/29)(—4 oj(s —7)‘

_(—7/29 —2/29)(—14 23)_(2 5)
\=-3/29 -5/29/\20 -8/ \-2 -1

CoOcTBeHHbIE 3HAYEHNA U COOCTBEHHbIE BEKTOPbI
JIMHEHMHbIX onepaTopoB U UX MaTpull

Onpeodenenue. Henynesoii Bektop x € R” HaspiBaeTcsi COOCTBEHHBIM
BEKTOPOM JIMHEHHOTO omneparopa A (Matpuilsl A ), €CIIH CyIIECTBYET TaKOe
YKHCIO A, YTO BBIMOJIHSAETCS paBeHCTBO Ax = Ax. Uucmo A HaswsIBaeTcs
COOCTBEHHBIM 3HaYEHHEM Oreparopa A, OTBEYAOIINM COOCTBEHHOMY BEKTOPY
X,

[ycte A=\a;|, i=12,...,m, j=1,2,...,n —maTpuua omneparopa
ij J

A B HexotopoM O6azuce. COOCTBEHHBIC 3HAYCHUS A ; SBISIOTCS PEIICHUAMU
XapaKTepUCTUYECKOTO YPaBHEHUS 71-Oi CTENECHU

ap — A apn ain
|A—7\,E|: a21 azz—}\« azn :O (1)
a, A,y e Ay — A
KoopauHaTel COOCTBEHHOTO BEKTOpa X; = (&1 €y, & n)

COOTBETCTBYIOIIETO COOCTBEHHOMY 3HAYEHHUS A ;, HAXOASATCS U3 CUCTEMBI
YpaBHEHUU

(a1 = 1)& +apgr+..+a,, =0

) Ay &y +(an — M)+ Fay,E, =0

............................................

anlél + anzéz +...+(ann — }\l)in = O
3ameuanue. B xauecTBe KOOpAUHAT COOCTBEHHOTO BEKTOPA MOXKHO OpaTh
HEHYJIeBbIC ajreOpandecKue JOMOTHEHHS JIEMEHTOB JF000M CTPOKU MaTPHIIBI

[Tpumep. Haiitu coOcTBEHHBIC 3HAUECHHSI 1 COOCTBEHHBIE BEKTOPHI
JMHEWHOTO TIpeoOpa3oBaHus, 3aJJaHHOTO MaTpuIllei A :

69

Pemiennie. CoctaBuM XapakTepuctuueckoe ypaBuenue (1):

ot 93‘:0 wm A% — 140 +13=0.

(2)




Otcroa HaxoUM cOOCTBeHHBbIE 3HaUeHust A =1, A, =13. Jma A =1
COCTaBUM CHCTEMY ypaBHEHUU (2):

48, +48, =0
8&1 + 8&2 = 0
Ota cucteMa UMeeT OECKOHEYHO MHOTO pemteHuit &y =1, §, =—t, e ¢ —

POU3BOJIbHOE YMCIIO. [103TOMY B KauecTBe COOCTBEHHOTO BEKTOPA MOYKHO B3SITh,
HampumMmep, BEKTOp X = (1, - 1). (Bce cobcTBeHHBIE BEKTOPHI, COOTBETCTBYIOIIHNE
COOCTBEHHOMY 3HaueHUI0 1, OyayT UMETh BU t(l, - 1) U OyIyT JexaTh Ha

O/IHO# TIPSIMO#A, KOTOPasi Ha3bIBAETCSI COOCTBEHHBIM HAIPABICHUEM
npeoOpazoBanus A ).
Hns A, =13 ananormyHo nosry4nm:

-85 +48, ZOK
88, —4E, =0,

1.e. &5 =2&,. llonaras &; =, momyuaem &, = 2¢.B kauecTBe COOCTBEHHOTO

1:

BEKTOpa BO3bMEM, HAlIpUMeEp, X, = (1, 2).

MoskHO nocTynuTh 1 no-apyromy. st A, =1

(5-1 4Y_(4 4
A_lE‘(S 9—J_(8 J'

B kauecTBe KOOpAHWHAT COOCTBEHHOTO BCKTOpa X; BO3bMCM anre6pa1/1qec1<ﬂe

JOTIOJTHEHUSI JJIEMEHTOB NIEPBOW CTPOKH 3TOM MATPHUIBL: X| = (8, — 8). st

(-8 4
A—BE_(S __]

n x :(_4, _8)

KBaaparuunsie popmbl. IIpuBeeHne K KAHOHUYECKOMY BUY
YPaBHEHHH BTOPOI0 NMOPAAKA

Onpeoenenue. KBaapatnaaoit popmoit F (x, y) Ha3bIBACTCS OJTHOPOIHBIN

MHOI'OYJICH BTOpOﬁ CTCIICHU OTHOCHTCIIBHO X, V.

F(x, y) = a11x2 +2ap,xy + a22y2.

4= (all alZ)
dip dp
Ha3bIBACTCS MATPHUIICH KBAJAPATUIHON (GOPMBL. 3aMEeTHM, UTO MaTpuiia A

ABJIACTCA CHMMGTpH‘—ICCKOfI, T.C. aij = aji , IIO3TOMY €€ COOCTBEHHBIC 3HAUYECHUS

I[CﬁCTBHTCJ'IBHBI, a COOTBCTCTBYIOIIHC COOCTBEHHEIE BCKTOPLI OPTOIOHAJIbHEIL.

Marpuna



IlycTh

g1 = byie; +byiey,

8 =bpe +bye
— HOPMHPOBAHHBIC COOCTBEHHBIC BEKTOPHI MATPUILI A, COOTBETCTBYIOIIHE
COOCTBEHHBIM 3HAYCHUSIM A, A, B OPTOHOPMHUPOBAHHOM 0a3uce ey, €,.
Bekropsl gy, g», B CBOIO ouepesb, 00pa3ytoT OPTOHOPMUPOBAHHBIN Oa3uC.
Matpuna S mepexona ot 6asuca e, e, kK 0asucy g, g, ONpedessieT MOBOPOT
CHCTEMBbI KOOPJWHAT HA YTOJ () TPOTUB YaCOBOW CTPEIKH, KOTOPBIH MOXKHO
OIIPEJICITUTh U3 PABCHCTBA

g (bll bl2) _ (coscp —Sin(pj.

byy by sin@  cos®
JIy1st TOTO, 4TOOBI COXPaHUTh OPHEHTAIHIO OCeH KOOPIUHAT, MATPHIy S
CIIe/TyeT CTPOMTH TaK, 4TO0I ee onpeaenuTens Obu1 paser +1. Ecm | S| =—1, 1o

HYXHO IIOMCHATb MCCTaMH CTPOKH (HOMGHHTB MCECTaMu BEKTOPBL gy, &> )

dopmyssl Tpeodpa3oBaHus KOOPAUHAT MIPU MEPEXO/I€ K HOBOMY Oa3ucy
UMEIOT BUJ
x=byx; +bpyy,
Y =byx; +bypyyy.
[Tpu momotu 3Tux Gopmyn kBagpatudHas popma F (x, y) npeoOpa3yeTcs K Tak
HA3bIBAEMOMY KAHOHUYECKOM) 8UOY
2 2
Fxy, y1)=hx” + 20"
PaccmoTpuM ypaBHEHHE BTOPOTrO MOpsAKa
a, 1x2 +2a,xy + a22y2 = b,
JIEBOM 4acThIO KOTOPOTO sIBJsiETCs KBagpatudHasi popma. [loBTOpsisi mpUBeIeHHbIE
BBIILIE PACCYKJICHUS, Mbl IPUBEJIEM I3TO YPABHEHUE K KAHOHUYECKOM) 8UQY, U3
KOTOPOTO JIETKO ONPEAENAETCS TUIl COOTBETCTBYIOIIEN KPUBOM.
3ameuanue. Ecnu B ypaBHEHUH BTOPOIO MOPSKA €CTh JIMHEHHBIE WIEHBI, TO

KpoMe MpeoOpa3oBaHKs TOBOPOTA HEOOXOIUMO OCYIIIECCTBUTH €III€ CIABUT CUCTEMBI
KOOpJUHAT (JIJIs1 3TOTO CIIEIyeT BBIACIUTD MOJHbBIC KBAAPATHI MO MEPEMEHHBIM

X1, Y1)-
[Ipumep IIpuBeCTH K KAHOHUYECKOMY BHY YPaBHEHHE JIMHUU BTOPOTO

2 2
nopsijika, OCTPOUTh €€, YKa3aTh yroi moBopora: —x° —y~ +4xy = 1.
Pemenue. 3anuineM MaTpuily KBaapaTUUHON (HOPMBI:

-1 2 )
A= ( 12
Haiinem ee coOOCTBEHHBIE 3HAUCHUS:

[A-aE|=|7 1% 2120 (-1-)—4=0, & =1 2y =3,

Omnpenenum cobcTBeHHbIe BeKTOpbl. st A, =1 marpuna A —AE umeer BuA




(2 2)
2 =2
Orcrofa HaXoJUM COOCTBEHHBII BEKTOp €] = (— 2, - 2). s A, =-3

A—(—3)E=@ %)
e, =(2, —2). Hopmupyem coOCTBEHHBIC BEKTOPHI:
gi=e/|e)|=(-2/48, ~2/V8)=(-1/42, -1/42)
gr=e/|e)|=(2/48, —2/8)=(1/2, —-1/42),

3anuiieM MaTpuIly mepexoaa K HOBoMy 06a3ucy (MaTpuiry orepaTopa moBOpoTa):

S:(—l/\/i 1/ﬁj:(coscp —sincp)
—1/J2 —1/42 sin@ cosQ )’
VYron noBopoTta paBen 225°. ®opmy npeoOpa3oBaHus KOOPJIUHAT UMEIOT BU]I

x=—1/2x;+1/2y,,
y=—1/\/§x1 _1/'\/5)/1

HOI[CTaBHM 9TH BBIPAXKCHUS B UCXOOAHOC YPABHCHHUC!
~(=1/V2x, + 1/J§y1)2 ~(-1/2x, - 1/J§y1)2 +
F 4= 1/V2x) + 1/ 329, (- 1/ V2, =1/ 2y ) =
=-1/ 2(y12 —2x1)1 +x12) -1/ 2(x12 +2x1 +y12) +

+ 2(X12 —ylz) = X12 — 3_)/12 = 1

WTak, MBI OJy4YUSIM KAHOHUYECKOE YPABHEHHE TUNIEepOOIIbI

[TocTpoum ee.




HNPEJEJIbBI

1. IIpenens
[TycTh KaXqOMy HATypaJbHOMY YHCITY n=12,... MIPUBEJCHO B
COOTBETCTBHE B CHJIYy HEKOTOPOrO 3aKOHa 4YHCIO U,. Torma roBopsr, 4YTO
ompeJiesieHa TOCIEA0BATEILHOCTh  YHCEN up, Uy, Uz, ... Wik, Kopoue,

IIOoCJIACA0BAaTCIbHOCTD {I/ln } OTI[CJ'IBHBIG qucjia U, Ha3bIBAIOTCA €€ 3JICMCHTAMU.

OHDCIIGJIGHI/IG 1.1. Ywucmo a Ha3bIBACTCA IIPCACIIOM ITOCICAOBATCIBHOCTHU

{un}, ecly Ui J1I000r0 MOJIOKUTENBPHOIO YUCiIa € Hailercs 3aBHCAIIEE OT
HEro HaTypaJlbHO€ 4Mciao /N Takoe, 4TO JUIsl BCeX HATypalbHBIX uucen n> N

BBITIOJIHSETCSI HEPABEHCTBO: | u, —a|<e. Ipuosrom numyr: [lim u, = a.

n—» o0

Ompenenenrie  1.2. ToBopsT, uro QyHKIusS f (x) ctpemutcs Kk A
( f (x)—) A) IpU CTPEMJICHUU K a (x—)a), rme A W a—u4ucna, WM

lim f (x) = A, ecnn st moboro € >0 cymectByer O = 6(8) > (0 Takoe, 4TO
xX—>a

|f(x)—A|<8 npu |x—a|<8.
Awnanoruuto, [lim f(x)zA, eciu |f(x)—A|<8 pu |x|>N(8) u
X—>0
limf(x):oo, ecIu |f(x)|>M pu |x—a|<8(M), rne M-
x—>a

IMPOU3BOJIBHOC ITOJOKHUTCIILHOC YHCJIO.

[Ipy BBIYHCICHUH MPEIETIOB MOXKHO HCIOJIB30BATh CICAYIOIINE TEOPEMBI.
1. Ecnu cymecTByIoT KoHeuHble [im f) (x) lim f5 (x), TO
X—>a x—>a

a) xli’)?’é[fl(x)ifz(x)]lei’zzfl(x)iﬁ’;’zfz(x)
6) lim| f1(x)- f2(x) |= lim fi(x)- lim f5(x)

o) lim?. 1(x)) = A (lim fo(x) = o).

x—)afZ(x lim fz(x) x—a
X—>a
2. Ecnu [lim f(x) =A=#0, I[limf, (x) =0 (4 —xoHeYHO), TO
Xx—>a xX—>a

lim /i (x)
xX—a f2 (X)

ecnmu  lim f(x) =A, [limf, (x) =0 (4 — xoHeuHO), TO
x—>a x—>a

b



fi(x)

lim ——=~=0.
xX—a fz(x)

OTH yTBEP)KACHHS CHPABEIJIMBBI, €CIM BMECTO ABYX (QYHKIUH f) (x) 151

f2 (X) B34Tb COOTBCTCTBCHHO ABC ITOCIICIOBATCIBHOCTH {un} 141 {Vn} .

B mpocrenmmux ciaydasx HaxOKIECHHE Ipezena CBOAUTCS K IOACTAHOBKE B
JAHHOE BBIPAXEHUE IIPEAECIbHOTO 3HAYEHUSA AapryMeHTa, 4Yacro, OJHAaKo,
NPUXOAUTCS, MPEXKAEC YeM IMEepedTH K Mpelnenay, NPOBOAUTH MPeoOpa3oBaHUE
JAHHOTO BBIPAXKEHHUSI. DTO CIEAYET Je]aTh B TEX CIIy4asiX, KOrga UMEIOT MECTO TaK

.0 oo . L 0. qo. 0
Ha3bIBaeMble Heompeaenennoctu: —; —; 0-00; co—o00; 07; 17; oo,
o0

[Ipumep 1.1. HpI/I OTBICKAHHM IIPCACIa OTHOIICHHA ABYX HCJIBIX MHOT'OYJICHOB
OTHOCHUTCIIBHO X IIpU X —>00 HIHM KN IPU 71 —>00 IJId HOCHGHOB&TGHLHOCTeﬁ

o0
(HGOHpCI[CHGHHOCTB —) 00a YjJeHa COOTHOIICHHS IT0JIE3HO MMpcaABapuUTCIbHO
o0

pasenuTh Ha X' WU, COOTBETCTBEHHO, /1" TJ€ 1 — HAUBBICIIAS CTEIEHb ATHX
MHOTOYJICHOB.

AHAJIOTUYHBIM TIPUEM BO MHOTHX CJIy4dasx MOXKHO TMPUMEHHUTh W IS
npo0eit, coaepkaliux UppalioHaTIbHOCTH.

4 2 1) 2 1
3+ ——— 3+ ———
) 3xd +2x% —1 00 ) x( x2  x* . +x2 x*

a) lim n =|—|= lim = [lim =
x—o 5x7 +3x+2 o0 x—)oox4(5+i+ij x_>005+%+l4
x> Xt x> x

2 1
lim 3+ lim —— lim —
iy vyl rsmyt  3+0+0 3
_ e s 0r0" 5 crapiuas creneHb m =4,
lim 5+ lim — + lim —

X—> 0 X—)OOx3 X—)OOx4

4
IEJIATCS HA X .

C3Wont — 253 £ 2+ 43803 + 21
0) lim =

oo A4 Z3 40 an* +on

3. n4(9—2+i4j +4-3 n3(8+2—31j
n n n _

i) +2- n4(4+ij
4 3
n n

= [im
n— o0




3.\/(9_%+£j+i. (8 2)
n3 3J9 0+0+0-38+0

1\/1_7_ Ji 010124450

(HeOHpeI[eJIeHHOCTL —, cTapinas CTereHb M = 2, JCIUTCS HA N )
0 0]

_2
4

“[oo o) -

. \/x +4x+5+\/x2+4x—7l

8) llm 3x+1[\/x +4x+5- \/x +4x+7

X—> 0

(3x+1) \/x +4x+5—\/x +4x -7

= lim
X Vil +dx+5+x2 +dx -7
(3x+1)(x2 +4x+5—x° —4x+7)
= lim =
o0 Jx2 x4 5+x? +dx—7

(3x+1)-12 (:xj
= [lim 2=
x_m\/x FAx+54xl 4 dx—7
12(3—'_1) 12-3
= lim al = =18,

X—> o 4 5 4 7 1+1
I+—+—=+ JI+———
X Xx X Xx

I[Tpumep 1.2. Ecnu P(x) " Q(x) — [eJIbIE MHOTOWIEHBI X, P(a)?& 0 wmm
Q(a) # 0, TO mpenmen panuoHanbHON Apobu P/ mnpu X —>a HaXOAUTCS

HenocpeaAcTBeHHO. Ecnum ke P(a) = Q(a): 0 (HeompeaeIeHHOCTh 6), TO

apobs P/ Q pekoMeHIyeTCst COKPaTUTh OJWH MM HECKOJIBKO pa3 Ha (x - a).

X3 —3x+2 (0) P x-2) X2 4x—2
llm— = lim

=i
0 x—>1(x—l)(x3+x2+x—3) xl—}zilx3+x2+x 3

x>1 x4 —4x 43



= lim
x—)l(x_l)(x2+2x+3) iolx2 +2x+3 1+2+3

—(Oj=lim (x=1)(x+2) Xx+2 _ 1+2
0

3_1
6 2

[Ipumep 1.3. OgHuM U3 NpUMEPOB HAXOXKACHUS Mpeena OT UPPALUOHATBHOTO
BBIPKEHHUSI SIBIISIETCS] IEPEBOJT MPPALMOHATILHOCTH M3 YMCIUTENS B 3HAMEHATENb

WM HA000pOT (HEOIPENEeICHHOCTh 0 ).

o i35 Y (9)—lim<3_m)(3+ 5+x)_
>d1-35—x \0 _H4(1_m)(3+\/m)‘

~ lim 9-5—x _
H4(1 - %/ﬁ)(u M)

1
=lim————lim——=lim ——— —
x>4]1—35—x x>43+J5+x x>41-35—x 6

L (4—x)(1+\/ﬁ+,3/(5—x)j

=— [im =

6x—>4(1_2/ﬁ)[1+m4'i/(5_7x)2)
| (4_x)(1+%/ﬁ+%/m)

=—[im =
6 x—4 1-5+x

1 (4—x)(1+%/ﬁ+3,/(5—X) ) :—1zim[1+3 5_x+3/7(5_x)2) _

6 x—>4 x—4 6 x—>4

1
6(+ +)

- )(%/72+2§/—+4)

= lim

fx-2 :(9) (Y

6) lim ——

T = Tx=8 NS OR(2 gy 8)(\/7+2\/—+4)
= lim =8 = lim !
x_’S(x—8)(x+l)(%/x72+2§/;+4) x_>8(x+l)(\/7+2\/—+4)
S S

9-12 108

[Ipumep 1.4. Ilpu BeIYMCIEHUHN NPEAETOB BO MHOTUX CIIy4asiX UCIOJIb3YIOT
«TEPBBIA 3aMeYaTEIbHBIA MPEIEI):



SInx

lim—=1,
x>0 Xx
CIIEICTBHEM KOTOPOT'O SIBJISIOTCS IPE/CIIbI:
Jim 185 tgx _1 Ji 2FCSINX 1 lim arxigx _ L
x—>0 Xx x—0 X x>0 X
) 2 tg2 Ax - arcsin® x
a) lim|ctg”3x —ctg Sx]- 3 =
x—0 X
2 . N2
tgdx 5 [ arcsinx 2
_ Jim| €98 3x cos” 5x N 4x X _
x>0 sin®3x  sin® 5x x?
cos® 3x  cos® 5x tady )’ arcsinx)’
= lim 16x2-{ PSR }-lim(g—j . lim( j =
x—0 sin“ 3x sin” 5x | x—=0 4x x—0 X
| cos?3x-16x> cos? 5x - 16x> 7 9
= [lim _ > —— 3 717 =
x>0 (Sll’l 3x) 9y2 (Slnij 95,2
3x Sx )
16 256
= [im —cos3x——cos Sx} ——l=—.
x—0 9 225
2 /
) (tg xj -4x? N 2sin® 2x
6) lim tg”2x -~ 1-cos J1-cos4x ( 0y _ B
x—0 x2 -aresin 3x 0 x—)O (dl"CSii’l 3Xj 3
3x
2 :
, tg2xj (Sllfl 2xj
lim (— 42 - 2x
x>0\ 2x 42 sin2x : 2x 8v/2
= Aim — = [im = :
. arcsin3x x—0 3x x—0 3x 3
lim ——
x—>0 3x
[Ipumep 1.5. [Ipy BplUMCHEHHM TIpeaena BBIPAXKEHUS, COJEPKALIETO

TpUroHOMeTpHyecKkne (GyHKImMU, korma X —>a u  a#(0, pekomenmyercs
IpEIBAPUTENILHO TIPOBECTH 3aMEHY X —d = ).
T-X
cos— g
lim 6 z(—jz(x—3=y,y—>0 npu x —3) =
=3 x—3 0




Tc-(y+3)

I
COS 1 m-y - — g - Sin T
= lim 6 = [lim —-cos(—+—j = lim =
y—0 y y—=>0y 6 2 y—0 Ty
6
. Sin—Tc Y T -
=——1[im 6 =——-]l=——
6y->0 Ty 6 6
6
ITpumep 1.6. ITpu BEIYUCIIEHUH [IPEACIIOB BUaa [im [ f (x)](p(x) = ¢ He00X0IUMO
Xx—>a

HMCTb B BUY, YTO

1) ecnu cyIecTBYIOT KOHEUHbIC nipeaeibl A = lim f (x) B = lim (p(x),
xXx—>a xX—>a

10 c=A4" (4>0);
2) ecnu lim f (x) =A#1, Iim (p(x) = F00, TO BOMPOC O HAXOKICHUU
Xx—>a x—>a
npefea ¢ PperaeTcs HEMOCPEACTBEHHO;
3)ecu lim f (x) =1, Ilim (p(x) = 00, TO CIEAYeT BOCIIOIb30BATHCS
X—>a X—>a
1

«BTOPBIM 3aMEYATEIILHBIM TPEaeIoM»: [im (1 + g(x)) g(x) = e, rme
xX—>a

g(x)—)O mpu x >a u e=2718....

x2

2 — oo
a) lim (M} - (éj L 0, T.K.
x>0\ 2x“ 4+ x + 1 2 e

. 3xZ—x+1 3 . x?
lim —————=—, lim —— = —o0.
x—>002x2+x+1 2 x>0 Xx—1
sindx x+3 sindx sindx
0) lim( j — 43 = 64, T.x. lim = lim( j 4 =4,
x—0 X x>0 X x—>0\ 4x
lim(x + 3) = 3.
x—0
2x 2x
6) lim(3x+l) =(loo)= lim(1+ / j =
x—>oo\3x — 1 X—>»00 3x—6



14x

3x—6 7 3x—6 ] fim

x—x03x—6

. .2x
=lim(1+ / ) 7ot lim(1+ / ) ’ —el¥3

X—>00 3x—6 X—>00 3x—6

3 3
&) lim(7-2x)v3 = (17) = lim[1+(6-2x)v=3 =

x—3 x—3
(6-2x)3 . 18-6x
1 =3 lim 3 6
= lim [1+(6—2x)]6—2x =30 =70,
x—3

2. beckoHEYHO Maible 1 OECKOHEUHO OoJbIHe (PyHKIUN

Ompenenenune 2.1. Ecnu lim f (x): 0, To pynkuus f (x) Ha3bIBACTCS
X—>a

0ECKOHEUHO MaJIO B OKPECTHOCTH TOUKH X =a (MpH X —> a).
CymMa u mpou3BeieHue KOHEYHOTr0 Yynciia 0ECKOHEUHO MabIX (PYHKITUH
Opu X —> a €CTh TaKKe OECKOHEYHO Majasi mpu X —> d.

Omnpenenenne 2.2. Ecmu f (x) 51 g(x) — OECKOHEYHO Majble IPU X —> a U

. f(x)
llm (— = C, TAC C — HCKOTOPOC 4YHCJIO, OTIIMYHOC OT HYJIA, TO (bYHKHI/II/I
x—a g(x)

f (x) U g(x) Ha3bIBAIOTCSI OECKOHEYHO MaJIbIMU OJTHOTO MOPsIIKAa IPU X —> a,

ecin ¢ =0, TO roBopsr, uro f (x) — OECKOHEYHO MaJiasi BBICILIEro MOPsAKa MO
CPABHEHMIO C g(x) opu X —> d.
beckoneuno manas f (x) Ha3bIBaeTCsI OECKOHEYHO MaJIOM MopsA/iKa 7 10

CpaBHCHHIO C g(X) npu x — a, eciiu

/(x)

lim ——— =, 0<|c|<+oo.
x—)agn(x)

[pumep 2.1. Tlpu x — 0 ompeneauTh MOPSAAOK MAIOCTH QYHKIIMUA QX — SiNX

OTHOCUTCIIBHO X.

) 1
, _ sinx -1 ) (1 )
. X —SInx ) CcCOSX . Sinx\1—cosx
lim X SmY lim = [lim =
x—0 xn x—0 xn x—0 xn COSX
. . X . 3X X .3 X X
2sinx - sin® = Asin® = . cos— sin’ = cos—
= lim 2=lim 2 2=4lim 2-lim 2 _

=0 x" cosx x>0 x" cosx x>0 x



. 3X . 3X . 3 X
Sin — Sin — 4 Sin —
=4 lim—2 1 =4lim—2 =" im

x>0 " x—)()(x)n . 2" x>0 (x)"’
2 2

Orot npezen Oyaer paBed koHctanre ¢ # 0 mpu n =3, clemoBaTeNbHO,
GYHKIHSA £gX — SINX WMEET MOPSIOK MaJOCTH 71 =3 OTHOCHTEIBHO X TPH
x— 0.

CyMMa ABYX OECKOHEYHO MalIbIX Pa3iMdYHBIX TOPSAIKOB PAaBHOCUILHA TOMY
U3 CIAracMbIX, IOPSAI0K KOTOPOrO HUXKE.

[pumep 2.2. Onpenenuts MOPSAOK MAIOCTA OTHOCUTENBHO X Tipu X —> 0
CYMMBI Vx? +x3 .
2

3.2
Cnaraemoe X HMCCT IMOPATOK MAJIOCTHU 5 OTHOCUTCJIBHO X, a

3

[..3
cJaracmMoc X — HOpsAaOK 5, CJICO0BATCIbHO, CYMMa UMCCT ITOPAI0K MAJIOCTH

2

— OTHOcUTeNbHO X mpu X — 0.

Onpenenenue 2.3. Ecimn limﬁ =1, T0 GeckOHEUHO Majbie f (x) 151 g(x)
x—>a g(x)

Ha3bIBAOTCs DKBUBAJICHTHBIMU IIPH X —> A . f(X)"g(.X)

Hanpumep, npu x — 0 Oyaem UMeTh:
sinx ~x, Igx~X, arcsinx~ Xx,arctgx ~ Xx,
2
X
ln(1+x) ~X, COSX~ 1—7, et —1~x, a" —1~x-lna (a;t 1).

Hp@I{@J’I OTHOLICHUA IBYX OECKOHEUYHO MAaJIbIX HE HU3MCHUTCs, CCJIN YJICHBI
OTHOIICHUA 3aMCHUTH DKBUBAJICHTHBIMHA UM BCINYHUHAMU.

IIpumep 2.3.

2 . 2
34tg2x . 53arcsin2 3x (34tg r - 1) - (53arcsm Y- 1)

a) lim 3 = lim 5 5 =
x=>03s5in” 4x + Tarctg™x x>0 3. (4x) +7- (x)
 4tg’x-In3-3arcsin® 3x-In5 4ln3-x2—3ln5-(3x)2

= [im = [im =
x>0 55x2 x>0 55x2

B 4in3-271In5
55 '




In(1+3x) 3x

[ 4arcsin2x x o (4-2x\ x
0) lim| ——— = lim
3tg8x x—>0\ 3-8x

-2 of 1072

[l
7\
U | ==
N

w

[l

N

ln(3 — Sx) — ln(3 + 7x)

6) [lim = lim =
x—0 2sinx x—0 2x
ln3+ln(l—§x)—ln3—ln(l+%xj _Ex_Zx
= [lim —lim——3 -
x—0 2x x—0 2x

Ompenenenvie 2.4. Ecimu [lim f (x) =0, 10 QpyHKIHA [ (x) Ha3bIBACTCS
xX—>a

OECKOHEUYHO OOJIBIION TP X —> d.
[Togo6HO TOMY, KaK .TO clIeJIaHO JIJIsi OECKOHEUHO MaJlbIX, BBOJUTCS
MOHSATHE OECKOHEYHO OOJBIINX PA3TUYHBIX TTOPSIKOB.

[Ipumep 2.4. Ilycte x — 0o0. OnpeneauTs MOPSI0K OECKOHEUHO OOJIBIION

X
f (x) =7 10 CPABHEHHUIO C X .
X

+
5 5 5 5
. X ] X ] X . X
lim x| = lim —— = Iim 1 = lim 1 =1
x—oo| X+ 2 x—>oox”(x+2) x—o x™ L x?.2 x>0 M
npu n=4.

Onpenenenue 2.5.

1) Iycts Gyakuus [ (x) — OeCKOHEYHO OOoJbIIas Wik 0ECKOHEYHO MaJiast

npu X —>00 U lim&
X—>0 . x

=1, rme ¢ W O — KOHCTaHTHI, TOTAa (PYHKIUSI

y =cx HasbIBaeTCs aCUMIITOTHKON MM aCUMITOTUYECKH IKBUBAJIEHTHOM
byukun  f (x) npu X —> o0,
2) Mycte GyHKImsS [ (x) — OCCKOHEUYHO OOJIbIIas MiIk OECKOHEYHO Majas

npu X —>da u limﬂ

- 1, ra¢ ¢ U O — KOHCTAaHTHI, TOraa (bYHKI_H/IH
X—> 0 C- (x — a)a

(04 o v
y= C(X - Cl) Ha3bIBACTCA aCMMIITOTHUKOHU MJIM AaCUMIITOTUYCCKHN 3KBHUBAJICHTHONU

byukun  f (x) npu x —a.



[Ipumep 2.5.
a) Haiitu acuMnTOTUKY (aCUMIITOTHYECKOE Mpe/icTaBieHUE) HYyHKIIMN

Jx+1—+/x opu X —> 0.
m_&:(ﬁ—\/})(mﬂ/})_ wilox

Vx+1++Jx _\/x+1+\/§_
1 1 1
_\/x+1+\/; 2\/;_2-x1/2’

CJICIOBATENIbHO, ACUMITOTHKON QyHKIMK [ (x) =Jx+1-+/x opu X —> 0

1 12 1 1
ABJISIETCA PYHKIUA —Xx 7, Cc=—; O=-——.
by 2 2 2
6) Haiitu acumnrotuky QyHkimu [ (x) - npu x —> 1.
3 1—x 3
Ilpu x —> 1 dyukuum f (x) = % ABJISIETCS] OECKOHEYHO OOJIBIION:
l1-x

X _ X 1

1 —
Ni-x 3\/(1—x)(1+x+x2) m ) %(l—x)m.

y 1 - )3
ACUMIOTOTHKOH B JaHHOM CJIydac ABJIAACTCA (bYHKI_[I/IH y= %( — X) .

6) Haiiti acuMnToTiKy QyHKIUH [ (x) = x> —3x+2 npu x —> 1.

B nanHoM ciaydae mpu X —> 1 pyHKIms [ (x) SBJISIETCS] OECKOHEYHO

MaJioi; f(x)=x3 —3x+2:(x—1)2(x+2)~3(x—1)2.
2-

[Tonyyaem acCUMITOTHKY ) = 3(x — 1) c=3 oa=2

3. HenpepwiBHOCTH PyHKITHH.

Omnpenenenue 3.1. Ecim x<a u x — a, To ycioBHo mumyt X — a— 0,
aHaJOTMYHO, ecId  X>a Xx—>a, 1o x—>a+0. Yucia

f (a — 0) = lim f (x) u f (a + 0) = Ilim f (x) Ha3bIBAIOT COOTBETCTBCHHO
x—>a—0 x—a+0

npeesom cieBa GyHKIuu [ (x) B TOYKE d W MPEETIOM cripaBa (PyHKITUU
f (x) B TOUKE @ (€CJIM 3T YKCJIa CYHIECTBYIOT).
Jlnst cynecTBOBaHuUs npenena GyHKiuu  f (x) opu X —>a HeoOXOAUMO U

JOCTATOYHO, YTOOBI UIMEJIO MECTO PABEHCTBO: f (a - O) =f (a + O).

Ompenenenne 3.2. Oyukiust y = f (x) Ha3bIBACTCS HENPEPHIBHOM B TOUKE d ,

€ClIn



1) ona ompeneneHa B 3TOM TOUKE;
2) lim f(x) = lim f(x) = lim f(x) = f(a).
x—>a—0 x—>a+0 x—>a

Touku, B KOTOPBIX HAPYIIAETCS YCIOBUE HEMTPEPHIBHOCTH, HA3bIBAIOTCS] TOUKAMHU
pasphbIBa.

[Ipumep 3.1.

1

a) Haiitu Toukm paspeiBa pyHKnumM y = 327X, mpenesnl CI€Ba M CIpaBa B 3THX

TO4YKax, CACIATh CXEMaTHYECKHUM YCPTCIK.
1

®ynkuua y = 327* pMeeT pa3phlB B TOUKE X = 2, T.K. OHA B 3TOH TOUKE

Ya He onpexaeneHa. [Ipu atom:
1 1

!
| LT
: lim 32-% =340 =37 = joo;
| x—>2-0
|
|
|

1 1
lim 32-x =3-0=3"" = : :Lz().
p ' x X240 3"* 400

7

O 2]

0) HaiiTu TOukH pa3pbiBa U BEJIMYMHY CKayKa B 3TUX TOYKaX (DYHKIIUU
1

2x+3 4 4x -8
Y= 1 -
243 4 4
Toukoii pa3psiBa JaHHOW QYHKIMH SIBISETCS TOYKAa X = —3, T.K. B HEH
(GyHKUHS HE OnpeieieHa.

V) L4y -8 27" -12-8 0-20

lim = = =-5;
x—>-3-0 21\(x+3) 14 | 0+4
1/(x+3) _
lim 2 tAx -8 I, Tx.mpu x > —-3+0 umeem:

x—=3+0 21\(x+3) +4
21/(x+3) L 4x— 8~ 21/(x+3) .

5

Benuunna ckauka A =1-— (— 5) = 6.

21/(x+3) L4~ 21/(x+3)

6) HaiiTi Touku pa3peiBa, BEMUYMHY CKauka A W mOCTpouTh rpaduk GyHKIUN
—3x, x<0

: T
y =<4sinx, O<x£§

T
x2+1, — < X.




Jlannas GyHKUIMS HEpEphIBHA Il X € (— 00; 0) U(O; g) U(g, + OO).

T
HCCJ’I@I{Y@M TOJIBKO TOYKHU X = (07 Xy = 5, T.K. B HUX MCHJCTCA

aHAJIMTUYECKOE BhIpaXKeHHE (PYHKIINU.

lin_’zof(x) = lin_fz (— 3x) =0; lim f(x) = [lim (4Sinx) =0;

—>-0 x—>+0 x—+0

f (O) = —3x 0 0, cnenoBarenbHo, B Touke X =0 ¢yHkuus f (x)
x=
HETpephIBHA.
lim f(x)= Ilim (4sinx)=4; f(£)=4sinﬁz4;
X0 ( ) x—)E—O( ) 2 2
2
liza f(x) = lim (xz + 1) = % +1=13,467,

x—>—+0 x—>§+0

T
CJICAOBATCIBbHO, TOUKA X = 5 — TOYKa pa3pbiBa.

BeanunHa ckauka

> 2 2
X oA=4—-| T 11]=3-2 %0533
4 4




JANPODOEPEHIIMPOBAHUE U ITOCTPOEHUE ' PA®UKOB

3KCTPEMYMbI ®YHKIIUU OJHOW NMEPEMEHHOM

Oynkust Y = f (x) Ha3bIBaeTCs Bo3pacTaromleil (yOpiBaromeil) Ha
HEKOTOPOM HMHTEpBaie (OTPE3Ke), €CIIU I JHObIX TOYEK X, X,,

NPUHAAISKANIMX JTaHHOMY HHTEepBaje (OTpe3Ky), U3 HEPaBEHCTBA X < X,

Clie/lyeT HEPaBEeHCTBO [ (xl) <f (xz) ( f (xl) > f (x2 )) Ecmu f (x)
HETpephIBHA HA OTPE3KE [a; b] u f'(x) >0 (f'(x) < 0) npu a<x<b, 10
f (x) BO3pacTaeT (YObIBaeT) Ha OTPE3KE [a; b].

B npocreiimmx ciydasx o6nacts cymecTBoBanns GyHKuun f(x) MOXHO
pasOuTh Ha KOHEYHOE YKCIO IPOMEKYTKOB BO3PACTaHHs U YObIBaHHUS (DYHKIHH
(IPOMEXKYTKOB MOHOTOHHOCTH). JTH TPOMEXYTKH OTPAaHHYCHBI KPHTHYECKHMH

\ Y toukamu X (rme [ ’(x)= 0 wmxe f '(x) He
_ CYILIECTBYET).
y ) ymeceyer)
Eciau  cymiecTByeT Takas JBYCTOPOHHSIS
OKPECTHOCTh TOYKH X,, 9TO JUIS BCSKOW TOYKH
X#X, 5TOM  OKPECTHOCTH HMEET MeCTO
nepasencteo  f(x)> f(x,), To Touka x,

Ha3bIBACTCSI  TOYKOM  MUHUMyMa  (YHKIUU

yv=f (x), a 4HUCIIo f (xo) —  MUHHMYMOM
Gyukunn  y = f(x). AHaIOrMYHO, ecnM IS BCAKOI TOUKH X # X| HEKOTOPOii
OKPECTHOCTH TOYKH X| BBIIOJHACTCS HEPaBEHCTBO  f (x)< f (xl), TO X
Ha3bIBacTCA TOUKOH Makenmyma Qynkumn y = f(x), a f(x)) — Makcumymom

bynkuun. Toyka MUHMMyMa WIM MakcUMyMa (DYHKIIMU Ha3bIBa€TCs €€ TOYKOU
HKCTpEMyMa, & MUHUMYM WM MAaKCUMyM (PYHKIIUM — DKCTPEMYMOM (YHKIIUU.

Ecmn  x, — Touka skcTpemyma (QyHKIMH f (x), o f '(xo) =0 wmm xe
f '(xo) HE CYIIECTBYET (HeobX00uMoe ycogue Cyuecmsosanus IKCmpemyma).
. ’ _ '
OG6paTHOe yTBEP)KAECHUE HE BEPHO: TOYKH, B KOTOPBIX [ (xo) =0 wm f (xo)
HE CYIIECTBYET (Kpumuueckue mouKu), HE O0S3aTENbHO SBISIOTCS TOYKAMH

IKCTpeMyMa GYHKIUH | (x)
Jocmamounelti  npusnak — cyujecmeoganus W OTCYTCTBHS JKCTpeMyMa
HEMPEePBIBHON  (YHKIIUH f (x) CICIYIOIINI: €CIM CYyIIECTBYET TaKas

OKPECTHOCTb (xo -9, x, + 6) KPUTHYECKOIl TOYKH X,, 4TO f '(x) >0 npu

x,—8<x<x, n f'(x)<0 mpm x,<x<x,+8, 10 X, — TOUKa



MakcuMyma QyHKIUH [ (x); ecnu ke f '(x) <0 mpm x,-0<x<Xx, H®
f’(x) >0 mpu x, <x<Xx,+0, TO X, — TOYKa MUHUMyMa (QyHKINH f(x)
Ecnu, HakoHel, HaiIeTcs Takoe TMOJIOKUTEIbHOE Yucio O, 49to f '(x)
COXpaHseT HEU3MEHHBIH 3HaK mpu X, —0<x<Xx,+0, TO TOYKa X, HE
SBJIICTCS TOUKOM 3KCTpeMyMa GyHKIHA | (x)

Haumenvuwee (naubonvuiee) snauenue HenpepbIBHON QyHKIUH [ (x) Ha
JTAHHOM OTpE3Ke [a; b] JOCTHTAeTCsl WIIM B KPUTHYECKUX TOYKAX (QYHKIHH, WK

Ha KOHI[aX OTpe3Ka [a; b] :

[lpumep 1.1. HaiiTu 3KCTpEeMyMBbl U HHTEPBaJIbl MOHOTOHHOCTH (DYHKITUH
y=x-4-5x.

AY

ol x

O0nacth cymiectBoBanus: —5x >0 = x<0.
Haxoanm KpUTHYECKHE TOYKH:
Sx
==X ———==

1
(=5 -
2+/—5x ( ) 2+ —5x
—10x-5x —15x 3:(-5x) 3 N

= = = =—-+/—=5x=0.

24/-5x  24-5x 24-5x 2
[Mpr x <0 QyHKOMS Bceraa BO3pacTacT U MPUHUMAET HauOOJIbIIIee 3HAYCHHE B
KpuTHdeckor Touke X = 0: y(O) =0.

y'=A=5x+x-

[Tpumep 1.2. HaliTu 3KCTpeMyMbl U HHTEPBAIbl MOHOTOHHOCTH (PYHKIIUN

Y= %/(x+ 1)(2—x)2.

OO6sacTh CyIIECTBOBAHUS: X € (— 00; + oo) :

Haxoaum KpuTHYECKHE TOUYKU:

, (2-x)°=22-x)(x+1) (2-x)(2-x-2x-2) —x

3PP 2-x)" 3 Ye+)P2-x)t YarPe-x)
=0 = x =0
y' He cymiecTByeT => X, = —1; x5 = 2. Tlomy4niu Tpu KPUTHYECKHE TOUKH.




x (- -1)] -1 (-1 0) 0 ((); 2) 2 (2, +o0)

y' + HE CYIII. + 0 — HE CYIII. +

Yo e max | TN min A

lim y'(x)= lim = +00;
X—2+0 x—>2+0?{/ x+1)2(2 - x)
: — X
lim = —00
x2-03)(x + 1) (2 — X)
L1 Yy |
| |
| |
| |
| |
| |
—1! 2 X
O ! .
! |
| |
| |
| |
| |

)= oy )=

Taxk xak y'(x) =k, tne k — yriaoBoit k03(UIMEHT KacaTeIbHOMN, TO MPH
x=—1 mu x=2 xacarenbHas kK rpadpuKy QyHKIHH MepreHauKyIsipHa ocu  Ox.

W=1)=0 50)=¥4 »2)=0

[Mpumep 1.3. Haiitu riryOuHy OTKpPBHITOTO OacceliHa ¢ KBaIpaTHBIM THOM U

3
o0beMoM 256 M~ Takoro, 4ToObl Ha OOJIUIIOBKY €r0 CTEH M JIHA MOIILIO
HauMEHbIlIee KOJIMYECTBO MaTepHara.
ITycth a — CTOpOHa KBajpara OCHOBaHHs, / — riyOuHa OacceiiHa;

a’h=256 = azz%, a= % h>0;
S=S8.,. +S,,, =4ah+a* =4 \/% ha 2 p 0 _ 6ai + 3/_5]16 F(h);

64 256 _ 32 256 32172 -256 32 (h3/2 )

oNh n? VbR h? s ’

TN F(h)=0 — h'?=8 h=4 [lpu h=4 BenuuuHa
~a 41 7 CF (h):S OyzmeT HaMMEeHbIIIeH.

F'(h)=




Ipumep 1.4. JIBe mpsmble xene3nble noporn A4, u BB, nepneHanKyIsipHEI

apyr k apyry u nepecekarotrcs B mynkre C, mpudaem AC =800 kM u
BC =700 xm. I3 mynktoB 4 u B 1o HanpaBnernto k. C 0OJHOBPEMEHHO
BBIXOJISIT JIBA TIO€3/1a CO CKOPOCTsIMH cooTBeTcTBeHHO 80 kM/4 m 60 kMm/4.

Yepes CKOJIBKO YacOB MOCIIE€ OTIPABICHUS PACCTOSIHUE MEXKY Moe3aMu OyaeT
HAaWMEHBIITHUM ?

Yy
OTMETHUM MOJIOKEHUE TTOE3T0B B MOMEHT I
t>0 toukamu K u M. A4,

AK =80¢t; BM =60¢; B

CK = AC— AK =800 —80x; A4 |v1=80 km/u

CM = CB— BM =700—60¢; <4

(KM)* = (CK)* +(CM)* = v, =60 Kkm/d

= (800—80¢)” +(700—60¢)*; KM cl—e . —>x

M B By

MHWHHMAJIBHO, CCJIN MUHHNMAJIbHA BCJIIMYHNHA

(KM)? = F(z) = (800—80¢) +(700— 60¢);

F(£) =2(800—80¢)-(—80) +2(700 - 60¢) - (— 60) =
= —128000 + 128007 — 840007 + 7200¢ = 200007 — 212000 = 0; ¢ =10,6;

T~/ = 10,6 — Touka MuanMyMa pyHKIUN F' (t) Yepez 10,6

~.1 O' 6/' Y4acoOB I10CJIE€ OTIPABJIEHUS PACCTOSHUE MEXKIY HO€30aMu Oy IeT
’ HAaUMEHBIINM.

ACUMIITOTBI

Ecnu Touka (x; y) HETPEPHIBHO TIEPEMEIIIAeTCsl [0 KPUBOH y = [ (x)

TaK, YTO XOTs ObI OJTHA U3 KOOPIMHAT TOUYKU CTPEMHUTCS K OECKOHEYHOCTH, U TPH
3TOM PACCTOSHHUE TOUYKH OT HEKOTOPOH MPSIMO# CTPEMUTCS K HYJIIO, TO 3Ta IpsMast
HA3bIBACTCA ACUMNMOMOU KPUBOM.

Ecnu cymecTByeT yucio a Takoe, uto lim f (x) =00, TO IIpsAMast X = da

x—>a
SIBJISICTCS] ACUMIITOTOU (8epmMuKaibHAas ACUMNIMOMA).
[
Ecnu cyiiecTByIOT KOHEUHbIC Tipeaesbl  [im ——= =k u
x—>+o X

lim [ f (x) — klx] = b, Tonpsmas y = k;x +b; Oyner acumnroroi (npasas
X—>+00

HAKJIORHAA acwwnmoma).



f(x
Ecnu cymiecTByIOT KOHEUHbIC TIpeieibl  [im ( ) =k, u
xX—>—0 X

lim [ f (x) — kzx] =b,, Tonpsamas y =k,x+b, Oyner acumnroToii (resas
x—>-2

HAKIOHHASL ACUMIIMOMA).
I'paduk pynkumu y = f (x) HE MOXET UMETh 00Jiee OAHOM MpaBoil U

0oJ1iee OHOM JIEBOM aCUMIITOTEIL.

[Mpumep 2.1. HaiiTu acHMITOTHI ¥ MOCTPOUTH IPaPUK PYHKITHH
3 cos(x — 1)
y=2x+——".
x—1
OOmacThb cymiecTBoBaHus: X # 1.
NieM BEpTUKAIBHBIE AaCHMIITOTBHI.

DyHKIUS UMEeT pa3phiB B TOUKE X = 1, T.K. B Hel (QYHKIHS HE OnpeeiicHa.

3 ~1 .
lim (2x+Mj =2+ﬂ=2—oo=—oo;

x—>1-0 x—1 —

3 -1 .
lim (mmj:zﬁ_l:mzm
x—> 140 x—1 +0

CIIEIOBATENbHO, X =1 — BepTHKaJbHAs aCUMIITOTA.
WieM HAKJIOHHBIC aCUMITTOTHI B BUIE Y = kx + b.

X—>*oo X — 1
CJIGI[OBaTeJ]bHO, npu x —>+ o0 CYIIE€CTBYCT aCUMIITOTA
y=2X.

Ay / 3 _1

: )/ k= lim M: lim l(2)C+Mj=
N /4 x>t X x—>t0o X x—1
\V/
i// =2+0=2; bzxﬁilaoo[f(x)—loc]z
f 3 ~1
//I = [im 2x+M—2x =

O '/ : X xX—> oo x—1
IR 3cos(x 1
; oy 2t
|
|
|
|
|
|

[Ipumep 2.2. HaiiTu acCHMIITOTHI U TOCTPOUTH T'paduk
2x% -9
x? -1
OO6acTh CyIIeCTBOBAHUS: x2-1> 0; x2> I, x>1 unu x<-L

byHKIUU Y =



2x% -9
:xz_; y(-x)=
x°—1

B - o

CJICOOBATCJIIbHO, aHHAas q)YHKHI/IH YCTHaAsA, U MOKHO IIOCTPOUTH €C I‘pa(l)I/IK TOJIBKO
pu x > 1, d 3aTCM OTpa3nuThb €0 CUMMCTPHUYIHO OTHOCUTCIIbHO OCH Oy

y

= [lim

2x2 —9_2x-4x? -1

2x* -9 2-9
+0

BepTUKaIbHAs acumnToTa mpu x —> 140,
[Mycte x — 1+ 0.

=—0 = x=1-

x—1+0 2 1

2_
PR (G J T St A
X x>+ X X+ 4 /x2_1
> o
2 2-—
= lim 2x = lim —2X_=2,

9 =
X_HOOXZ- l—iz X—+0 l—iz
X V' x
. L 2x2 -9 _
b= tim [f(x)—tee] xi”ﬁo{m 2"} -

. (2x2 — 9)2 —4x2(x2 — 1) _

X—>+0

xZ -1

x>0 [ 2 1(2x2 94+ 2x-x2 - 1)

2
32x° + 81 _o.

TS /1—%{2—%”- /1—%)
X X X

[Mlpu x —+ o0 momydaem acuMnToty y = 2x. ['paduk ganHo# QyHKIMH

2
nepecekaer ocb Ox mpu 2x° —9 =0, T.c. BTOUKax X =

L3

-

[Tpumep 2.3. HaiiTu acuMOTOTHI U TOCTPOUTH Tpaduk GyHKIIUN

x2—2x% —3x+2

y =
4—x?
Oo0nacThb cymiectBoBanus: 4 —x2 %20 = x#2u x#-2.
B roukax x; =-2 u X, =+2 GyHKUUSA TEPIUT Pa3phIB, T.K. B HUX OHA HE
orpe/eIieHa.
Cox?-2x7 -3x+2  —8-8+6+2
lim 3 = = +00;
x—-2-0 4—x —0



X2 2% 3x+2 —8-8+4642
lim — -
X240 4 — x? +0

b

| 2y X = —2 — BepTUKaJIbHAS aCUMIITOTA.
|
! ox7-2x?-3x+2 8-8-6+2
! lim — = —o0;
X x—2-0 I +0
AN
N ox?-2x?-3x+2 8-8-6+2
N lim = = +00;
N2 x—2-0 4 — x? -0

x=2 — BCPTHUKAJIbHAs aCUMIITOTA.

|
|
|
[
|
[
|
[
|
|
N
|
:
|
|
[
|
[
|
[
|

|
|
|
|
|
9! X
: N > HaxnonHsle acCUMIITOTEI IpH X —> 100 HILEM B
! 2N Bujae: vy =kx+b.
| NN (x) P —2x% —3x+2
| BN k= lim = [im 3 =
: x—>to X x—>to0 x(4—x )
2 3 2
li 1_;_? x_3 1 1 b= 1Ii kx
= [im =—=-0L = m | J\xX)— x| =
x—>+oo i—l -1 X—>i°°[f( ) ]
X2
o (X —2x*=3x+2 L =2x? +x+2
= [im +x|= lim =2.
x—>+o0 4 — x?2 x>t0 4 x?

[lpy x —>* o0 monydaeM aCUMOTOTY Y = —X + 2.
HAIIPABJIEHUE BOTI'HYTOCTHU. TOYKU IMEPEI'UBA

ToBopsr, uto rpaduk aupdepennupyemoit pyukuun y = f (x) 802HYmM
6HU3 HA UHTEPBAJIC (a; b) (602Hym 66epx Ha UHTEpBaIE (al; bl)), €CJIN [IPU

a <Xx < b nyra kpuBo#l pacnonoxeHa HIxe (MM COOTBETCTBCHHO ITPU
4 a; < x < b; BbIlIe) KacaTeIbHOM, IPOBEICHHOM

B JIF00OM TOYKE MHTEpBajia (a; b) (nm

WHTEpBaJia (al; bl)). JloCcTaTOYHBIM YCIIOBHUEM
=1 (x) BOTHYTOCTH BHU3 (BBepx) rpaduka y = f (x)

SABJIACTCS BBIITOJHCHUE Ha COOTBECTCTBYIOIICM
HMHTCPBAJIC HCPABCHCTBA

I
I
I
I
I
a

):Co 'al :bl 7'(x)<0 (f'(x) > O).

Touka (xo, f (xo )), B KOTOPOW M3MEHSETCS

@ L — — —— — —

HaIpaBJIeHUE BOTHYTOCTH rpaduka PyHKITNHU, HA3BIBAETCS MouKot nepeauda. J1is



aOcIMCcChl TOYKHM repernda X, rpaduka GyHKmmn y = f (x) BTOpas
pou3BogHasA | "(xo) =0 wm f "(xo) He cyniecTByeT. TOUYKH, B KOTOPBIX

f ”(x) =0 wm f "(x) HE CYILECTBYET, HA3BIBAIOTCS KPUMUYECKUMU MOYKAMU
2-20 pooa. Kputuueckas Touka 2-ro poja X, SBISETCS aOCHHCCOM TOYKH
neperuda, ecnmi [ ”(x) COXpaHSET IOCTOSHHBIE 3HAKH B HHTEPBAJIAX

X,—-0<x<x, u X,<Xx<Xx,+0, rie 0 — HEKOTOPOE IOJOXKUTEIHEHOE
4HCII0, IPUYEM TH 3HAKU HPOTUBOIIOIOXKHBIL, U HE SIBJIICTCS TOYKOM Heperuoa,
eCIi 3HaKu f "(x) B YKA3aHHBIX BBIIIE UHTEPBAJIAX OJMHAKOBBI.

[Ipumep. Omnpenenute UHTEPBAIBI BOTHYTOCTH U BBITYKJIOCTH, @ TAKKE TOUKU
2
9) —X
neperuda KpuBot )y = e

2 2
Umeem: y' =-2xe " ; "= (4)62 — 2)e_x . IIpupaBHsB BTOpYIO

IIPOU3BOJIHYIO K HYJIIO, HAWJIEM KPUTHYECKHE TOYKH BTOPOIO poAa:

1 1

, Xy =—=. OTH TOYKH pa30OHUBAIOT BCIO O0OJIACTH CYILECTBOBAHMUS

J2

byHKIIUN (— 0©; + oo) Ha TPU UHTEPBAJIA.

x1=—

1 1 1 1 1 1
X (—oo; ——) - (——; —j = (—; +oo)
V2 J2 J2© 2 V2 J2
4 + 0 - 0 —
y o neperuo M neperud -

1
[lonyunnu: KpuBas BOTHyTa BBEPX IIPU  x e (_ 0, — L) U X € (_

7 5
ij . Toukn (ii

1 J
— : — | — Touku neperuoa.
V2 2 V27 Ve

MNOCTPOEHUE T'PA®UKOB ®YHKIIMHA 110
XAPAKTEPHBIM TOYKAM

BOTHYTA BBEPX IIPU x € (—

[Tpu moctpoernu rpadrka GyHKIIUN CIEITYET, MPEXKAC BCETO, HANTH
00J1aCTh CYIIECTBOBAHMSI 3TON ()YHKIIUU U BBISICHUTD MOBeJIeHUE HYHKIIUM Ha
rpaHuiie ee 06yactu cymectBoBanus. [1oae3H0 Takke mpeaBapUTeILHO OTMETUTD
HEKOTOPbIE 0COOEHHOCTH (PYHKITUU (€CIIU OHU UMEIOTCS): YETHOCTb,
NEePUOIUYHOCTD U T.]I.

Jlanee Hy»KHO HaliTH TOYKHU Pa3pbIBa, ACUMIITOThI, TOUYKH IKCTPEMyMa
byHKIIMH, TOYKH niepernda u 1.1, HaiineHHbIe 371eMEHTHI TO3BOJISIOT BHISICHUTH
oOmuit xapaktep rpaduka GyHKIIHH.



[Tpumep 4.1. IlpoBecT MoOIHOE UCCIEIOBAHUE U TIOCTPOUTH Tpaduk QyHKIUU
2
y=x-3 (x + 2) .

OO0iacThb CyYmCCTBOBAHUA: X € (— oo; + OO)

y(x) # y(— x) —> QyHKUM o01Iero BUaA.
Tak kak GyHKIMS ONpeIesieHa PHU BCEX X, Uy Hee HeT TOYEK pa3phiBa, TO
BEPTUKAJIBHBIX AaCUMIITOT HEeT. HaKIOHHBIE aCUMITOTHI MPU X —> £ 00 HINEM B

Busie: y = kx+b.

,/ x+2
k= lim = [im \/ x+2 = +00, CIIEIOBATEIBHO, HAKIOHHBIX

x—>*too x—>*o0
ACHUMIITOT TaKX€ HET.
UccnenyeM pyHKIMIO TTO IEPBOM TPOU3BOTHOM.

y’=[x-3(x+2)2} (x+2)"3 +x i_(x+2)_1/3 _ 3(x3+2)+2x: 35x+6

=0 = 5x+6=0, x=-12;
y' wecymecteyer = x+2=0, x=-2.

x+2 x+2

X (— w; — 2) —2 (_ 2; — 1,2) —-12 (— L2; + oo)

y' + HE CYII. — 0 +

yo| _ max ~ min e

= y(— 2) = 0 (kacaTtenbHas B 3TOM TOYKE MEepHCHIUKYIIpHA ocu  OX ).

| Va Vomin = y(— 1,2) =-1,2-3/0,64 ~ —1,06

: (kacaTenpHasl B TOM TOYKE MapaijieibHa OCH
| Ox).

: Uccnemyem QyHKIMIO IO BTOPOMH
I

I

Ymax

MIPOM3BOJHOM.

|
(\9]
|
—_
[\
Q
\'X

A T ., 5x+6
130 (x+2)

5-3\/x+2—(5x+6)- !
3-3 (x+2)2

3 (x+2)2
_15(x+2)—(5x+6)  10x+24

3(x+2)Yx +2 3-3/(x+2)4 '




"

y"=0 mpu x=-2,4; y" HecymecrByer npu x =—2.

X (— 00; — 2,4) -2,4 (— 24, -— 2) -2 (— 2; + oo)
" — 0 + HE CYIIIECT. +
y M neperud i -

Vnepecusa = V(= 24) = 24-Y(-24)> =130,  »(0)=0.

[Mpumep 4.2. IIpoBecTH MOJIHOE UCCIICAOBAHKUE U IOCTPOUTH Ipaduk QyHKINN
- (2}( + 1) 2

7= x+2/)

OO0nacTh CyIIECTBOBAHUS: X # —2.

y(x) * y(— x) = (yHKUMs 0011Iero BUA.
X =—2 — TOYKa pa3phiBa, T.K. B HEHl (PYHKIUS HE ONpe/IecHa.

C(2x+D\E (441 o (2x+1) (4+1)?
lim =|——| =+4o0; lim = —| =4
x—>2-0\ x +2 -0 x—>2+0\ X +2 +0

= x=2 — BCPTHUKAJIbHAA aCHUMIITOTA.

HaktoHHBIC aCUMITOTHI TP X —>+ 00 wuieM B Bujae: ) = kx + b.

2
ke tim 79 _ 1(Mj —0;

x—>+oo X x>toox \x+2

b= lim [f(x)~kx]= lim (2“1)2 =4

x—> o0 x—>too\ X + 2
[lpu x —>* o0 momyuaem acumnToty y = 4.
HccnenyeM pyHKIMIO IO EPBOM TPOU3BOAHOM.
, 2x +1 2(x+2)—(2x+1) 6(2x+1)

y' =2 : . — =

x+2 (x + 2) (x + 2)
=0 = 2x+1=0, x=-05;
y' He cymectByer = x=-2.

X (— o, — 2) (— 2, - 095) -0,5 (— 05 + oo)

y' + — 0 +

yo| ™~ min -




.

: YVmin =y(—0,5):0.

| Uccnenyem pyHKITHIO 11O BTOPOI

: MIPOU3BOIHOM.

______ §1 [ N 3 2
| y":6-2(x+2) —3(x+2) -(2x+l):
i 44 /; (x + 2)6
-2

05 0,&5 > _6.2(x+2)—3(2x+1)_6(1—4x).

(x + 2)4 (x + 2)4 ’

y'=0 = 1-4x=0; x=025

"

y'" He cymecTtByer —> X =—2.

x | (- =2) | (-2 0295) 025 | (025 +oo)

4 + + 0 -

y % N neperud M

2
L5 4
s =029 =(555) =5 =084

[Ipumep 4.3. IIpoBecTu MOIHOE UCCIAEAOBAHUE U MIOCTPOUTDH IPpaPuK QYHKIIHH

ex—3

x—3

OoOumactb cymecrBoBanus: x —3#=0; x# 3.

y(x) # y(— x) — ¢yHKIMS 0011IeTO BU/A.

B Touke x =3 QyHKOHS TEpIUT pa3pbhiB, T.K. B HE OHA HE OMpecIicHa.

y:

. ex—3
lim = —o0,
x—>3-0x—3
3 = X =3 — BepTHKaJbHAS aCUMIITOTA.
. e
lim = 400
x—>3+0x —3
HaxkioHHBIC aCUMIITOTHI UIlIEM B BUae: ) = kx + b.
1) x — oo,
!/
x=3
. f(x) . ex—3 - (e ) . ex—3
k= Ilim —= lim ——= Ilim ————= [lim ——=

!

x40 X x—>+0 x% — 3y x—>+oo( 5 x—>+02x —3

X —3x)



!
(ex—?») ex_3
= [im —— = [im —— =400, clenoBaTEIbHO, IPU X —> 400
X—>+00 (2x _ 3) x>+ 2
HAKJIOHHBIX ACUMIITOT HET.
2) x — —0,
x=3
. X ) e 0
k= lim M: lim 3 = =0;
xX—>—o X x—>—wox“ —-3x +©
ex—3
b= lim [f(x)—ke]= lim =0,
X—>—00 x>—ox—23

npu X — —o0 moxy4aeM acumnrory y = 0.
HccnemyeM QyHKITHIO IO IEPBOM MPOU3BOHOM.

x=3 , x=3 (. _2)_ ,x3 _2_ —
y,:(e J _e (x 3)2 e _ 3 X 3 21:ex_3- X 42’

x=3 (x—3) (x—3) (x—3)
=0 = x—-4=0, x=4; y' He cymectByer = Xx =3,

x| (= 3)

(3, 4) 4

(4; + oo)

!

Y

+

y

™~

™~

min

////’

Vomin = y(4) —e~272.

HccnenyeM QyHKIHMIO IO BTOPOM MPOU3BOTHOM.

Y

=e

+e

(x=3)’

s (023" ~(x-4)-2x-3)

(x-3)*

x=3 2
e x2—7x+12—x+5_e -(x —8x+17)'

(x=3)°

x—3

)




/\y |
| y" He cymectByer = x=23.
|
|
| x | (- 3) (3; +o)
) - 7 - ¥
, >
Y | 4 oy N U
|
|
| -3 1
e
| 0)= =— ~—,02.
IIpumep 4.4. TIpoBecTH MOJIHOE UCCICIOBAHUE U TIOCTPOUTH rpaduK GyHKIMN
xX+6
y=In — 1.
X
+6
OO0acTh CyIeCTBOBAHUS: al > 0.
X
x>0, x<—6. us — 1
— 6 0 X

OyHK1MA 0011IeTO BU/IA.

. x+6
lim |In —l|=—0 = x=-06 — BepTUKaJIbHAsA ACUMIITOTA.
x—>—6—0 X

. x+6
lim | In —1|=40 = x=-0 — BepTUKaIbHAas ACUMIITOTA.
x—=>—+0 X

HaktoHHBIE aCHMITOTHI MIIIEM B BHIC: YV = kx + b.

mx+6_1
k= Ilim ®= lim —X — =0;:
x—>too X xX—>*too X
b= lim [f(x)~kx]= lim [znx+6—1}:—1.
x—>+oo xX—>*oo X

[Tpu x —t oo momydaem acuMnTotry » = —l.
HccnenyeM pyHKIMIO IO EPBOM TPOU3BOAHOM.

x | (=0 —6) (0; +0)

, X .x—x—6_ -6

— = 0.
y - - d X+6 2 x(x+6)¢

¥y ™~ ™~ DKCTPEMyMOB Yy (DYHKITUHU HET.




Hccnenyem QpyHKIINIO 110 BTOPOM MTPOU3BOTHOM.
—_ —(x+6+x) 6(2x+6) 12(x+3)
y"'=-6- = = :

)c2(3c+6)2 xz(x+6)2 xz(x+6)2

y"'=0 = x+3=0; x=-3 — He BXOAUT B 00JIACTh CYIIIECTBOBAHHS.

Va
: x (—o0; —6) (0; +o0)
: yn _ +
[
| v N U
6, O ¥
________ Q- —J__—————2-
: -1 Touek nmeperuda HeT.
| lnx+6—1=O = XIL;
| X e—1
[
=
| =0
| y(e—l

OnpenesieHHBIN U HeONpPeAeJIeHHbIA HHTErPaJbl
Teopemuueckue ceedenus.

Ilepsoobpasnou gpyuxyuen nas Gpyaxiun f(X) HasbpiBaeTcs Takas QyHKIHS
F(x),aro F'(x)= f(X).
Heonpeoenennvim unmeepanom ot byaxkuuu f(X) HaspiBaeTcs ee oOIas
nepBooOpazHas
[f(x)dx=F(x)+C .
@ynkmus f(X) HaszbBaeTcs moabIHTErpadbHON (QyHKIMEH, a Beipaxenue f (X)dx
— MOJBIHTETPaIbHBIM BhIpakeHueMm, F(X) — pesyiaprar mHTerpupoBanus, C —

IMPOU3BOJIbHAA ITOCTOSAHHAL.

Ceoticmea HeonpeoeleHH020 UHmezpala.
L. [(u(x)+v(x))dx = [u(x)dx + [v(x)dx.
2. [A- f(x)dx=A- [ f(x)dx, rae 4 — nocrosHHasL.

3. Ecin [ f(X)dx=F(x)+C 1 u=¢(x), o [ f(u)du=F(u)+C.



Tabnuma npocTelImx HHTETPAJIOB:

1. fdx=x+C.
Xn+1
2. [x"dx= +C,(n#-1).
n+1
3. [P Zinjx+C.
X
a.X
4. [a¥dx=——+C, [e*dx=e"+C.

Ina

o1

. [sinxdx =—cosx+C.

(op}

. [cosxdx =sinx+C.

7. ] d); =tgx +C.

COS” X
8. | _d); =—ctgx +C.
sin“ X
dx 1 X
9. =—arctg—+C .
Ix2+a2 a a

dx 1, x—a
10. =—1In +C,(a#0).
Ix2_az 2a X+a ( )

11.jm ‘x+\/x + ‘+C(A¢O)

X
= arcsm +C.

12u7

OcHosHble MemoObl UHMESPUPOBAHUSL.
1. ITonBenenue noa 3Hak auddepenimana:
a) moa 3HakoM auddepeHnrana MOXHO TMPHUOABISITH WM BBIUUTATH JIFOOYIO

nocrosunyo: df (X) =d(f(x)+ A);



0) mox 3Hak muddepeHrania MOXHO MOIBOAUTH TOCTOSHHBIA MHOXXHUTEIb:
1
df (x) :Kd(Af (X)); B) mox 3Hak auddepeHnrana IoIBOAUTCS (QYHKIHS 10

npasuiy: '(X)dx =df (x).
2. HTETpUpOBaHKE 10 YaCTSIM C UCIIOJIb30BaHUEM (DOPMYIIBI:
fudv=uv—[vdu, rze u=u(x),v=v(x).
C MOMOIIIBIO ATOTO METO/1a BBIYUCIISIFOTCS CIICIYIONINE HHTETPaIbl
a) [a* - P,(x)dx, u=P,(x), dv =a*dx.
6) [sinax- P, (x)dx, u=P,(x), dv=sinaxdx.
B) [cosax- P,(x)dx, u=P,(x), dv=cosaxdx,
rae P, (X)— MHOTrOUJIeH n-0l CTEeNeHu.

3. NaTerpupoBanuie METOIOM 3aMEHbI IIEPEMEHHOM Mo Gopmyrie

[T ()dx =] (pt))de(t) =] f (p(t)¢'(t)dt, rne x=p(t).

Ilpumep evinonnenusn 3ad0anus.

HaiiTn HEonpeieIeHHbIE NHTETPAIbL:

F 2 3 _
aL)I(arcsmx) +de; 6) | x* =17

V1= x2 X2 —4x+3

dx; B) [(3x+4)e>dx.

Pewenue.
a) HWCIIOJBh3ys OCHOBHBIC CBOMCTBAa HEOMPEICICHHOTO HWHTETpajga W BBITOIHSISA
nojBeicHre (PYHKITUH 101 3HaK AuddepeHimana, HaiIeM HHTerpa
I(arcsinx)2 X gy I (arcsinx)? s | X
V1-x° V1-x° V1-x°

= [(arcsinx)?d (arcsinx) + (- 0,5)[ (L - x*) *°d (1~ x*) =

dx =




2105
=%(arcsinx)3 = 0,5-% +C :%(arcsinx)3 —J1-x%+C.

[TpoBepuMm pe3ynbTaT UHTETPUPOBAHUS TUPPEPEHINPOBAHUEM:

!

(%(arcsinx)3 —1-x2 +Cj =

= %-B(arcsin x)2 - (arcsinx)’ —0,5(1— x?) *°(1—x?) +C' =

_(arcsinx)®  —2x L0 (arcsinx)? + x
V1I-x2 21— 2 Vi-x2

YTO COBNAJAET C MOABIHTETPAIbLHON (DYHKITUEH.

0) B O9TOM clly4ae MOJbIHTErpajlibHas (DyHKIUS TpeACTaBiIseT CcoOoM
HEMpaBWIbHYIO pallMOHANBHYIO JpoOb. [IpencraBum 3Ty npoOb B BUIE CYMMBI

MHOI'O4JICHA U HpaBHHBHOﬁ I[pO6I/I. I[J'ISI 9TOT'O BBIIIOJHHUM ACJIICHUEC MHOI'OYJICHA Ha

MHOI'OYJICH.
x3 17 ‘x2—4x+3
x> —4x*+3x  |x+4
4x% —3x —17
4x° —16x —12
13x—-29
Torma
3_ —_— —_—
j—zx 17 dx:j(x+4+—%3x 29 jdx:jxdx+j4dx+j—i3x 29 dx =
X°—4Xx+3 X° —4X+3 X —4Xx+3
2 J—
:X—+4x+j%?’x—29dx.
2 X5 —4X+3

Jl;st Toro yToOBI HAWUTH TOCIETHUN WHTETpaj, MPEACTABUM MPABUWIBLHYIO IpOOh B

BUJIE CYMMBI MpocTeHIux napoOei. JlJis 3TOro pasznoxkuM Ha MHOXKHUTEIU
3HAMCHATENIb  JAPOOH x> —4x+3=(x-1)(x-3) u pasokuM  Ipo0b  Ha

IIPOCTEUILINE



13x-29 A N B
(x-)(x-3) x-1 x-3

[Tpu x=3 mmeem 13-3—-29=B(3-1), orkyna B=5;

, 13x—29=A(x—-3)+B(x-1).

npu X =1 numeem 13-1-29=A(1-3), orkyna A=8.

13x —29 8 3)
[Tonyuyaem = + U UHTETpUPYyEM

x-D)(x-3) x-1 x-3

i 13x —29 dx = 8 dx + | 5 dx =8 dx +5] dx
(x=1D(x-3) x—1 X—3 x-1 “"Xx-

N OKOHYATCJIbHO IT10JIY9acM

J

[TpoBepum pe3ynbTaThl 1 PepeHInpOBaHUEM:

3:8In\x—ﬂ+5ln\x—3\+c

3 2
;(;ﬂdx:x—+4x+8ln\x—u+In\x—3\+C.
X° —4x+3 2

!

2 3 _
X—+4x+8ln\x—ﬂ+ln\x—3\+c _2X 4, 8 5 Xl ,
2 2 x-1 x-3 x?-4x+3

YTO COBMNAJAET C MOABIHTETPAIbHON (DYHKITUEH.

3ameuanue.
WuTerpan oT npaBWIbHON pallMOHATBHONW APOOHM CBOJIUTCS K CyMME MHTEIpajioB

OT mpocTeumux apodeit. Hanbonee yacTo BcTpeyaroTes CleAyone UHTETPaIbL:

jXAladx Allnx—al+C; | A dx = A (x—a)™ ™M +C, (k=23..);

(x_a)k (—k+l)

jde —In‘x +px+q‘ _2X+P
X*+ px+g \/4q p* \/4q p*

B) 3TOT UHTErPajl HAXOAUM METOJOM MHTETPUPOBAHHUS IO YACTSM.
1
Ipuvem U=3x+4, dv=e>*dx, torna du=3dx, v= §e3x . ITo dopmyie

HHTCTPUPOBAHMA 110 YAaCTAM I1OJTydacM

j(3x+4)e3xdx:(3x+4)%e3x —j%e&‘ .3dx = — [e¥dx =



3X+4
3

[TpoBepum pesynbrat AuddepeHIrnpoBaHEM

e (x+1D) +C)' =3>*(x+1) + > =¥ (3x + 4),

Sx+4-1 3 +C=e¥*(x+1)+C.

e _Lle¥ c-
3

YTO COBMHAAAET C MOABIHTETPaIbHON (QYHKITHEH.

Hpm]o;lcemm ONpeEacJCeHHbIX HHTETPaJjioB

TeopemuquKue CBEOCHUS.

Eciu wa mockoctu  Oxy

AY
_y="5(x) 3ajaHa (Qurypa, oOrpaHHYCHHAas
JBYMSI HEIPEPHIBHBIMA KPHUBBIMHU
¥ ~ ¥=h® y=H0),  y=f09  m
T - x BEPTHKAIGHBIMH TPSIMBIMA X =a,

X=Db, To mmomams S TaKoi

b
(GUrypbl MOKET OBITH BBRIYUCIICHA 110 POpPMYJIIe S= j( f,o(x) — f(X))dx.
a

Ilpumep evinonnenus 3a0anusi.

Boeraucnuthb mioniaas GUrypel, OrpaHMueHHON JIMHUSIMU Y = X + 4X, y=x+4.

Pewenue.

3ajaHHbIE JIMHUM OTrPAHUYMBAIOT Ha IUIOCKOCTH OXy KPUBOJIMHEHHYIO

TpaIeuo, N300paKEHHYIO Ha PUCYHKE.

A
y

y =X° + 4X
y=x+4

Y
=




HalineM koopauHaThl TOYEK IEPECEUCHHUS 3aJaHHBIX JIMHUW, 1 HTOrO
pelIM CUCTEMY YpaBHEHUN

{y:x2+4x

, X2 +4x=x+4, x*+3x—4=0, otkyaa X =—4, X, =1.
y=x+4

Toraa uckomast TIOIaAh BEIYUCISAETCS TI0 popMmyIie:

i 3 Y
S=JKX+4—X2—4@dw:ﬂ4—3x—x2mx: 4x——5——?; —
—4 y

:4_§_£+16+§—%:20§ (K6. 60)
2 3 2 3 6

Teopemuqecme ceeoeHsl.

OObeMbI Tell, 00pa3oBaHHBIX BpAIICHHEM IUIOCKOW (UTYpPHI, OTPaHUYCHHOM
kpuBoit Y= f(x)>0, ocbto Ox v ipsimeiMu X =a, X =D,

b
1) Bokpyr ocu Ox, BEIMHCIAIOTCS TIO popmyre V, = ﬁj f2(x)dx;
a

b
2) Bokpyr ocu Oy, Beraucisiores no dopmyine Vy =27 [ xf (x)dx.

a

Ilpumep evinonnenusn 3ad0anus.

Beraucnute o0beMbl TeN, 0Opa3oBaHHBIX BpaleHHeM BOKpyr oceii Ox u Oy

KPUBOJIMHEIHOrO TPEYrobHHUKA, 00Pa30BAHHOrO KpUBOH Y =3%/X, ocbio Ox u

npsmoit X =1.
A /

4 / y =%/x

Pewenue.

Y




1) oObeM Tena, MOIYYSHHOTO BpAIICHUEM

BOKpYT ocu Ox, paBeH
1

1 %
V, =z (%/;)2 dx = 7Z'X— = sz (k6. e0.)
0 > 5
3 o

2) o0BeM Tena, MOJTYYEHHOT0 BpalieHueM BOKpyr ocu Oy, paBeH

72/ 1L

X/ 3

sl

L 67
Vv, =27rjX-§/§dX:27r =7(Ky6. €0.).
0



[TOHATHUE ®YHKIMN HECKOJIbKMX ITEPEMEHHBIX.
YACTHBIE ITPOMU3BOHBIE

[TycTh KaXkaol yrmopsaoueHHOM mape umcena (X, Y) U3 HEKOTOpoil 00jacTH
D(X, y) coorBeTcTBYyeT ompeneneHHoe uucio Z € £ R. Torma z wHaswiBaercs
GyHKIMEH ABYX MEPEMEHHBIX X M ), X, V — HE3aBUCHUMBIMU MEPEMEHHBIMU HITU
aprymeHTamu, D —ob6macThio ompeneieHus WIM CYHIECTBOBaHHMA (QYHKIUHU, a
MHOECTBO FE Bcex 3HaueHHMH (PyHKIMHU — 00J1acThiO €€ 3HaueHnid. CHMBOJIMYECKU
GyHKIUS ABYX TMEpPEMEHHBIX 3alUCHIBACTCS B BUJE PAaBEHCTBA Z = f(x,y), B
koTtopoMm f 00O3HAYaeT 3aKOH COOTBETCTBHS. DTOT 3aKOH MOXET OBITh 3aJiaH
aHanmutraecku (popmysoit), ¢ moMoIIbIO TabIUIBl WK rpaduka. Tak Kak BCSKOE
YpaBHEHHE Z = f(x,y) OTIpeJIeNIsIeT, BOOOIE rOBOPs, B MMPOCTPAHCTBE, B KOTOPOM
BBEJCHA JIEKapTOBa CHCTEMAa KOOpAHUHAT OxyZ, HEKOTOPYIO MOBEPXHOCTh, TO MO
rpagukoM (QyHKIMM JBYX TIEPEMEHHBIX OyJieM TOHMMATh MOBEPXHOCTb,
00pa30BaHHYI0O MHOXECTBOM ToueK M(X, y, Z) NPOCTPAHCTBA, KOOPIUHATHI
KOTOPBIX yAOBJIETBOPSIOT YPABHEHUIO Z = f(X,y) (puc. 1).

2|

Puc. 1 Puc. 2

['eomerpudecku obnactb onpeneneHuss Gyukmuun D oObrdHO mpencraBiser
co00if HEKOTOPYI0 4YacTh IIOCKOCTH (xy, OTpaHUYEHHYIO JIMHUSMH, KOTOPBIE
MOTYT TPUHAUICKATh WIM HE TPHHAMIEKATh 3TOoM obimactu. B mepBom ciyuae
o0nacth D Ha3bpIBaeTCs 3aMKHYTOM M 0003HauaeTcsi D, BO BTOpOM — OTKPBITOM.

Omnpenenenve (QyHKUIUU ABYX MEPEMEHHBIX JIETKO O0OOIIMTH Ha Ciydai
Tpex © OOJBIIET0 4YHCIa TMEepeMEHHBIX. BenuumHa ) Has3pIBaeTCs (PYHKIHEH
NEPEMEHHBIX X1, X2, ..., Xn, ©CIAM  KaXKIOW  COBOKYMHOCTH (X1, X2, ..., Xn)
NEPEeMEHHBIX X1, X2, ..., Xn W3 HEKOTOPOHW 0O0JIaCTH N-MEPHOTO MPOCTPAHCTBA
COOTBETCTBYET ONPEICICHHOE 3HAYEHUE ), YTO CHMBOJHMYECKH 3aIlMCHIBACTCS B



Buae Yy="f (Xl,x2 : ...,Xn). Tak kak COBOKYIHOCTh 3HAYEHUI HE3aBUCHMBIX
NEPEMEHHBIX X1, X2, ..., Xn  ONpPEAEISeT TOYKY #-MEPHOTO MPOCTPAHCTBA
M(Xl,x2 : ...,Xn), TO BCAKYHO (YHKIUIO HECKOJBKHX IEPEMEHHBIX OOBIUYHO
paccMaTpUBalOT Kak (YHKIHMIO TOYeK M MPOCTPaHCTBA COOTBETCTBYIOMICH
pasmepnoctu: y = f(M).

Yucno A Ha3wsiBaeTcs npeneaoM GyHkiuu z = f (X,y) B Touke Mo(xo, 10),
eci 111 J1r06oro € > 0 cymectByeT O > 0, Takoe, 94TO MPHU BCEX X, ),
YIOBIETBOPSIOLIMX YCIOBHSM |X — Xo| <& # |y — Yo <8, cipaBewmBo

[f(x,y)— A<e.

Ecim A — npenen dynxuuu f(X, y) B Touke Mo(xo, y0), TO MHAIIYT:
A=1lim f(x,y)= lim f(x,y).
X—>Xg ( ,Y) M— Mg ( ,Y)
Y—=Yo

HEpPaBEHCTBO

Oynkuus z = f (X, y) HA3BIBACTCS HEMPEPBIBHOM B TOUKe Mo(xo, Vo), €CITH
CIIPaBEIJIMBO PABEHCTBO

JLTO f(x,y)=f(Xo,Yo)-
Y—=Yo

Hanpuwmep, pyHkius z = ]/ (2X2 + y2) HEIpepbIBHA B JII000I TOYKE MJIOCKOCTH, 3a

uckiroueHuem touku M(0, 0), B KOTOpo# (yHKIUS TEPIUT OCCKOHEYHBIH Pa3phIB.
OyHKIIMS, HEMPEPBIBHAS BO BCEX TOYKAaX HEKOTOpoil odnactu D,
Ha3bIBAETCS HEMPEPHIBHOW B TaHHOM 00J1acTH.
Ecnu nepeMeHHOM X 1aTh HEKOTOpPOE IpupalieHue Ax a y OCTaBUTH
MOCTOSIHHOM, TO (yHKIHS Z = f (X, y) MOJIYYUT MpUpamieHue A, zZ, Ha3bIBaeMoe
YACTHBIM NMpUpPALLEHUEM (YHKIIUH Z 110 IEPEMEHHOM X!

Acz=f(x+Axy)-f(xy).

AHaJIOTUYHO, €CJIA MIEPEMEHHAS ) TIOyYaeT NpHUpalleHue Ay, a x 0CTaeTcs
MOCTOSIHHOM, TO YaCTHOE MpupalieHne GyHKIMN Z 10 MePEeMEHHOH y

A,z=f(x,y+Aay)-f(xy).

Ecnu cymecTByroT npenensi:

. Az o0z _, ,

Ny = 5 = 5= oY),
A,z

lim —ys—zsz; = f,(x.y),

Ay—0 Y 8y

OHH HaA3bIBAIOTCS YaCTHBIMH IIPONU3BOJHBIMHA ®YHKHHH z=f (X, y) I10 1IC

PEMEHHBIM X U ) COOTBETCTBEHHO.
AHAaIOTUYHO OTPEACIIAIOTCS YaCTHBIC TPOU3BOIHBIC (DYHKIIHIA JTF000TO
YHCJIa HE3ABUCUMBIX IEPEMEHHBIX.



Tak kak yacTHast MPOU3BOIHAS IO JIFO00W MEPEMEHHOM SIBIISIETCA
MMPOU3BOAHOM 110 ATOM NMEPEMEHHOW, HAWIEHHOW IIPU YCIIOBUM, YTO OCTAJIbHBIC
nepeMeHHbIe — OCTOSIHHBI, TO BCE MpaBuiia U hopmyisl qudpepeHunpoBaHus
GbyHKUIMNA OAHON MepEMEHHON MPUMEHUMBI JUIsl HAXOXKI€HUS YACTHBIX
MPOU3BOAHBIX (PYHKIIUHN JTHOOOTO YKCIIa IEPEMEHHBIX.

TTIOJIHBIN JITUDDEPEHIIMAIL ANOPEPEHIIMPOBAHUE
CJIOXKHBIX 1 HEABHBIX ®YHKIINN

[MonabIM ipuparienueM GyHknuu Z = f (X,y) Ha3bIBACTCS PA3HOCTh
Az=f(Xx+AXy+Ay)— f(xy).

['maBHas yacTh NONHOTO NpupanieHus Gyakmun z = f (X,y) , TNHEWHO
3aBUCALIas OT IPUPALLECHUNA HE3aBUCUMBIX IIEPEMEHHBIX Ax U AY, Ha3bIBaeTCsA
noiHbM tuddepenimanom GyHkiun u obo3Havaetcs dz. Ecnu ¢pyHKms nmeert
HEIPEPBIBHBIE YACTHBIE IPOU3BOIHBIE, TO MOJHBIN AU(depeHIran CyuecTByeT U

paBeH

dz=Zax+ Zay, (1)
OX oy
rae dx = AX, dy = Ay — npou3BoOJIbHBIC TIPUPALICHHS HE3aBUCUMBIX MIEPEMEHHBIX,
Ha3bIBaeMbl€ UX U PepeHraIamu.
Jlns byHKIMU 1 iepeMeHHbIX Y = f (X1 Xy ,Xn) NOJIHBIN auddepeHIuan

OIIPCACIIACTCA BbIPAKCHHUCM

dy =Y dx, +-Yax, + ..+ Y dx @)
axl 2 n
[Tonaei quddepeHnman 4acTo UCIoab3yeTcs I IPUOIMKSHHBIX

BBIYMCJICHHUI 3HAUYCHUH (QYHKIMH, TaK Kak AZ =~ dz, T. e.

f (X +AX, Yo + AY) = f(Xg,Y0) +dZ(Xg.Ys)-
Oynxums z= f(u,v), rae u=@(X,y), v=y(X,y), Ha3biBacTCS CIOKHOI

byHKUMEN nepeMeHHbIX x 1 Y. J{J11 HaX0KAeHUsI YaCTHBIX POU3BOIHBIX CIOKHBIX

GYHKIIUY UCTIONB3YIOTCS CIEAYIOIMMe POpPMYIIbI:
dz _ oz 8u 0z ov

X au ax ovox 3)
a_an an
d oudy ovoy
B cnyuae, korga U= (p(x,y), V= \y(x,y) , Bropas u3 gopmyi (3) ucuesaer
(T. €. mpeBpaIaeTcsa B TOXKJACCTBEHHBIN HYJIb), a IepBas Ipe 00pa3yeTcs K BULY
dz _oz du oz dv

dx au dx ovdx’
Ecmu ke u =x, v=y =wy(x), To popmyna (4) uMeeT BU]

(4)



dz oz ozdy

dx  ox  dydx ©)

dz
B mocnieaneit popmysae — Has3bIBaeTCs MOJHOM MPOU3BOAHOM QyHKIINHU (B

o . 0z
OTJIMYHUC OT 4HaCTHOHU HpOI/IBBOILHOI/I 8_ )
X

Ecnu ypaBHeHue F(X,y) =0 3a7aeT HEKOTOPYIO PYHKIIHIO )(X) B HEIBHOM
BUJE U Fy'(x,y) #0, 10

dy  F/(xy)
o F(oy) ©
x  Fxy)
Ecnu ypaBHeHUE F(X, y,z) =0 3amaer (hyHKIHIO IBYX TIEpEMEHHBIX Z(X, V) B
HESIBHOM BHJIE U FZ’(X,y,Z) =0, To cripaBeATUBHI POPMYIIBL:
dz F(xy.z) dz  F(xy.2)

dx F(xy.2)’ dy F(xy.z) (")

YACTHBIE I[TPOU3BOAHBIE BhICIINX I[TOPAIKOB.
KACATEJIbHAA TNIOCKOCTDb 1 HOPMAUJIb K IIOBEPXHOCTH

YacTHbIMH IIPOU3BOAHBIMH BTOPOI'O IOPAAKA HA3BIBAIOT YdCTHBIC
IIPOU3BOAHBIC, B3ATBHIC OT YaCTHBIX IIPOMU3BOJHLIX IICPBOI'O IMOPAIKA:

0’z o (az)
[ Il f " ’ ’
ox>  ox\ox (%)

0’z 0oz
T2 22 tyix),

o?  oy\oy
o’z o) .,
oy )~ 150

0’z o0 eéz
=—| 5] = fw(xy)-
Oyox ox\oy
AHaJIOFI/I‘IHO OHpeI[eJISIIOTCSI YJaCTHBIC HpOI/ISBOI[HBIC TpCTBCFO u 60)166
n

Z
oy oy o3Hayaet, uto QyHKIwms Z K pa3
X

npoauddepeHpoBaHa 1Mo MEPEMEHHON X U 1 — K pa3 1o MepeMEeHHOH .
YacTHbIEe POU3BOIHBIE fxg;(x,y) U fy’;(x,y) HAa3bIBAIOTCS CMCIIAHHBIMU.

BBICOKHX MOPSAJIKOB. 3alKCh

3HaYeHUsT CMEIIAHHBIX MTPOM3BOIHBIX PABHBI B TEX TOYKAX, B KOTOPBIX 3TH
POM3BOJIHBIC HETPEPHIBHBI.

[onueni nuddepenunan Broporo nopsaaka d’z pynxuun z = f (X,y)
BBIpakaeTcs popmyoi



0%z 0%z 0%z
d?z=——dx* + 2——dxdy + — dy?.
OX OXoy oy
Ecin roBepXHOCTh 3a1aHa ypashenuem z = f(X,y), To ypaBuenue

KacaTelIbHOM IIIOCKOCTH B Touke Mo(xo, Vo, Zo) K JaHHOM NOBEPXHOCTH:

L—1y= fx’(xod/o)(x_xo)Jr fy’(XO!yO)(y_yO) (8)
a KaHOHMYECKUE YPABHEHMS HOPMAJIM, IIPOBEICHHON uepe3 Touky Mo(xo, o)
IMOBCPXHOCTHU:

, = =
(% Yo) fy(Xo¥o) -1
B ciydae, xorna ypaBHeHHE I'IaJKOM IOBEPXHOCTH 33/1aHO B HEIBHOM BUJIE:
F(X,y,z) =0,u F(X0 \Yo:Zo) =0, TO ypaBHEHHE KacaTENHHOMN IIIOCKOCTH B TOUKE

X—=Xp _ Y—Yo _Z_ZO. (9)

Mo(xo0, Yo, Zo) IMEET BU]
Fi(X0,Y0:20 (X = X%o) + Fy’(XO Yo.Zo )Y = Yo) + F/(X0.Y0.20)(2—2,) =0, (10)
a ypaBHEHHE HOpMAJIH —

X_XO _ y_yO _ Z_ZO (11)

I:x'(xo ’yO’ZO) - Fy,(XO’yO’ZO) I:z'(Xo !yO’ZO).

OKCTPEMYM ®©VYHKIHNHU IBYX IIEPEMEHHbBIX

Touka Mo(xo, yo) Ha3bIBaCTCS TOYKOH JIOKAIIBHOI'O MaKCUMyMa (MHHHMYyMa)
byHKIIMHN Z = f(x,y), eciu Uit Bcex Touek M(x, y), omnmuHbIX OT Mo(xo, yo) |

IMpUHaAJICKAIINUX 10CTATOYHO MaJjiou ee OKPCCTHOCTH, BBIIIOJIIHACTCA HCPABCHCTBO

f(Xo0.Yo) = f(x,y)(f(xo,yo)g f(x,y)).

MakcuMyM Wi MHHEMYM (YHKIIHM Ha3bIBaeTCs €€ dKCTpeMymoM. Touka, B
KOTOPOH JTOCTUTaeTCsi SKCTPeMyM (YHKIIMH, HA3bIBACTCS TOYKOW DKCTpEeMyMa
byHKIUH.

Teopema 1 (HeoGxoauMbIe ycaoBHsI IKcTpeMyMa). Eciu Touka Mo(xo, Vo)
SBJISICTCS TOUKOM skcTpemyma ¢yukiuu f(x, y), To fX’(Xo ,yo) =f, (Xo ,yo) =0 wm

XOTs OBl OJTHA U3 3TUX MPOU3BOHBIX HE CYIIECTBYET.

Toukn, 1 KOTOPBIX OTH  YCIOBHUS  BBINIOJHEHBI, HAa3bIBAKOTCS
CTallMOHAPHBIMU WJIA KPUTUYECKUMHU. TOUKM DKCTpEMyMa BCErja SBIISIOTCS
CTAIlMOHAPHBIMU, HO CTAallMOHAPHAS TOYKA MOXET U HE ObITh TOUYKOM dKCTpEeMyMma.
UToOBI cTarmoHapHas TOYKa ObLJIa TOYKOW AKCTPEMyMa, JODKHBI BBIMTOJTHSATHCS
JIOCTATOYHBIE YCIIOBUS SKCTPEMYMA.

st Toro 9ToOBI CHOPMYITUPOBATH JOCTATOYHBIC YCJIOBHS DKCTpEMyMa

(GyHKIMH BYX TEPEMEHHBIX, BBEIEM CIICAYIOIIUEe 0003HaueHus: A= fx’x’(xo,yo),
B=1f(X.Y), C=f(X.Ys), A=AC—BZ.



Teopema 2 (mocratouHble yciaoBHs 3KcTpemyMma). [lycts QyHKuMs
Z= f(x,y) UMEET HEMpPEphIBHBIE YAaCTHBIE MPOU3BOAHBIE 10 TPETHETO MOPSAIKA
BKJIFOYMTEIIbHO B HEKOTOPOH 00JacTH, COAEpXalleil CTAalMOHAPHYIO TOYKY
Mo(xo, yo). Torna:

1) ecmu A >0, To TOuka Mo(xo, o) SABIAACTCS TOYKOW IKCTpEeMyMma IS
JTaHHOM (yHKIuu, npudeM My Oymer Toukoi Makcumyma mpu A <0 (C<0) u
Toukoit Munumyma mipu 4 >0 (C > 0);

2) eciu A < 0, T0 B TOouke Mo(xo, Vo) IKCTpeMyMa HET;

3) eciiu A =0, TO PKCTPEMYM MOXKET ObITh, & MaXKET U HE ObITh. OTMETHM,
qTO cirydaid 3 TpeOyeT MOTOTHUTEIBHBIX UCCICIOBAHNN.

OkcTpemMyM (yHKIUN Z = f(X,y), HalJIEHHBI MpU YCIOBUU (p(X,y):O,

Ha3bIBACTCA YCJIOBHBIM. YPaBHeHI/Ie (P(X,y)ZO Ha3bIBACTCA YPABHCHUCM CBA3H.

FGOMeTpI/ILICCKI/I 3ala4ya OTBbICKaHHUA YCIOBHOI'O JKCTpEMyMa CBOAUTCA K
HaXOXIACHHUIO OJKCTPCMAJIBHBIX TOYCK KpHBOﬁ, I10 KOTOpOﬁ IIOBCPXHOCTDH

z=f (X,y) IIEpPECEKACTCS ¢ HUIMHAPOM q)(x,y) =0.

Ecnu w3 ypaBHeHUs CBS3M (p(x,y) =0 maiith y = y(x) U TOACTaBUTH B
byHKIHIO Z = f(x,y), TO 3aJa4a OTBICKAHMSI YCIOBHOTO KCTpEMyMa CBOIUTCS K
HAXOXKJICHUIO SKCTpeMyMa (QyHKIIMH OJTHOU nepeMeHHOH Z = f (X,y(x)).

Huddepenuupyemas QyHKIHUS B OrpaHUYEHHON 3aMKHyTOM oOiactu D
JIOCTHTAET CBOETO HaMOOIBIIET0 (HAMMEHBIIIETO0) 3HAYEHUS JIMOO B CTAllMOHAPHOU
TOYKe, Jexalied BHYTpu oOmactu D, nubo Ha rpanune stod obOmactu. s
OTBICKAHWSI HAWOOJIBIIIETO W HAWMEHBIINETO 3HAYCHUUW (PYHKIMH B 3aMKHYTOM
obmactu D HE0OX01UMO HalTH BCE KPUTHYECKHUE TOUKH, JISKAIME BHYTPH JaHHOU
00JIacTH M Ha €€ TPAHMIIC, BBIYUCIUTD 3HAUCHUS (DYHKIIUH B ATUX TOYKAX, a TAKKE
BO BCEX OCTAJIBHBIX TOUKAX TIPaHUIIBI, a 3aTe€M IIyTEM CpPaBHEHHUS IOJyUYCHHBIX
quces BEIOpaTh HAauOOJIbIlIee U HAMMEHBIIIEE U3 HUX.

I[MPUMEP PEIHEHM A TUITOBOI'O PACUETA

1. Haiitu obnacte omnpenenenuss D u oOnacte 3HaueHuid E ¢GyHKUUH
z:ln(y—x2 +2x).

Jannast ¢yHKIUS ompezesieHa B T€X TOYKax IUIOCKOCTH (OXxy, B KOTOPBIX
y— X% +2x>0, mmn y>x? —2x. TOuKH TIOCKOCTH, ISl KOTOphIX Y = X* — 2X,

o6pa3ytoT rpanuiy obmactu D. YpaBHenue Y = X° — 2X 3agaeT napaGouny (puc. 1,

MOCKOJIbKY TMapabojia He NpuHaMIexKuT obmactu D, TO oHa wu300pakeHa
HITPUXOBOU JHMHMEN). Jlanee, Jerko NpoBepUTh HEMOCPEACTBEHHO, YTO TOUYKH, IS

KOTOPBIX Y > X° —2X, pacIoioKeHbl Bbimie mapaGombl. O6nacte D siBisercs

OTKPBHITOM (Ha pHC.2 OHa 3alITPUXOBaHa) M €€ MOXKHO 3aJaTh C IOMOIIbBIO
CUCTEMbI HEPABEHCTB:

DZ{—oo<X<+oo, X2—2X<y<+oo}.



Tak kak BBIpaXEHUE TOJ 3HAKOM JioTapu(Ma MOXKET MPUHUMATH CKOJb
YTOJTHO MaJlble ¥ CKOJIb YTOJIHO OOJIBIIIKME MOJIOKUTEIbHbIC 3HAYEHHUs, TO 00JIacTh
3HaYeHUN QYHKIIUU

E:{—oo<Z<+oo}.

2. BeIUHACINTS TIpeies
X2 +y?
A=1lim

o 2 2 '
Yo VXT+Yy +1-1

TIpeoGpa3oBaB BEIPasKEHUE O] 3HAKOM NPEJIeNa, HONyIHM
(x2 + yz)(wlx2 +y? +1+1)
A= lim =

e (w/x2 +y? +1—1)(\/x2 +y? +1+1) B

(x2 +y2)( X2 +y? +1+1)

= lim — :Iim( x2+y2+1+1)=2.
e X“+y +1-1 e

3. Beluucnuth npuOIMKeHHO (1,02)3'01.

PaccmoTpum dynkmuro zZ= X’ . Ilpu Xo =1 Yo = 3 umeem 2o = 13 =1,
Ax=1,02-1=0,02, Ay =3,01 -3 =0,01. Haxonum monasIi auddepeHiman
Gyukuun z =X’ B 11060# TOYKE:

dz = yxYAx + x” InxAy.

BeruncisieM ero 3HaucHue B Touke M(2, 3) npu AaHHBIX MPUPAIICHUAX

Ax =0,02 u Ay = 0,01:
dz=3-1°-002+1%-1n1-002=0,06.

~7,+0dz=1+0,06=106.

Torma z=(102)*"

4. HaliTu ypaBHEHHE KacaTeJIbHOM MIOCKOCTH U YPABHEHUE HOPMAJIH K
noBepxHocTh X° + Y2 + 2% + xyz — 6 =0 B Touke My(1, 2, -1).
BbruncisieM 3Ha4eHHs YaCTHBIX MPOU3BOIHBIX B Touke Mo(1, 2, —1):
F/(X0,Y0.,20) = (3x2 + yz) v =1
F/(Xo.Y0.20) = (3y2 + xz) v =11,
F/(%0,Y0.20) = (322 + xy) | w,=5.

[Toncrasisst ux B ypaBHeHus (10) u (11), monyyaem COOTBETCTBEHHO YpaBHEHHE
KacaTeJIbHOM IIJIOCKOCTH

(x-1)+1:y-2)+5z+1)=0
N KaHOHNYCCKOC YPAaBHCHUC HOpMAJIU
x-1 y-2 z+1
1 11 5




5. Onpeaenutsb pa3Mepbl NPSIMOYTOIBLHOTO Mapaliiesienureia HanOOoJIbIIEro
o0beMa, MoJIHAs MOBEPXHOCTh KOTOPOTro UMEET JaHHYIO TUIOMIAb S.
O6beM npsAMOyToIbHOTO Napajuienenunena V = Xyz, rue x, y, Z —

HM3MEPEHUS MapajijieyienuIesia, a miollab ero MOBEPXHOCTH S = 2(Xy + XZ + yz),
OTKyJa

S —2xy Sxy — 2x2y?
= , V -
2(x+Y) 2(x+Y) =V ().
Haiinem skctpemym ¢ynkiuu V = V(X, y):

oV yZ(S —2x° - 4xy)

OX 2(x + y)2 ’>
oV x2(8—2y2 —4xy)

oy 2(x+y)° o

S —2x% —4xy =0,
S—2y? —4xy= 0}
Tax xak x > 0, y > 0, To U3 MOCIETHEN CUCTEMBI CIIEAYET, YTO X =Y = \/%
[Tosryunny eTMHCTBEHHYIO CTAlMOHAPHYIO TOUKY Mo(\/%, \/%) , KoTopas

SIBIIsICTCS TOUKOM MakcumyMa ¢yHkimu V = V(X, y) (T. €. 3a1a4a ©MeeT pelieHue),
II0O3TOMY IPOBEPSTH BHIIIOJIHEHHE JOCTATOYHBIX YCIOBUA MaKCUMyMa HET
HeoOxoauMocTH. Jlanee HaxoauM

_S-S/3_ 25/3
4s/6 4s/6 =S/6:

Takum 06pa3oM, HanOOIBIIHI 00bEM UMEET KyO ¢ pedpoMm, paBHBIM +/S/6.

6. BeraucnuTh 3HaYCHMS YaCTHBIX MPOU3BOTHBIX fx’( IVIO) , fy’ ( M 0) , f Z’( M 0)

JuIst maHHou (yHkum f (x,y,z) = /Xy cosz B Touke My(1, 1, 1/3) ¢ TOUHOCTBIO 110
JIByX 3HAKOB IOCJIE 3aIATOM.

Haxoaum gacTHbIe TPOM3BOIHBIE JAHHON (DYHKIHH, 3aT€M BBIYHCIISIEM HX
3HaucHus B Touke Mo(1, 1, n/3):

f/(x,y.2) = ——cosz, f,(1,1,7/3)=0.25,

2y
)=, e

f,(x,y,z)=—yxysinz, f/(1,1,7/3)=-086.

cosz, f/(1,1,7/3)=025,
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o o X
7. BeIUMCIUThL 3HAUCHUE IMPONU3BOAHOMN CJIOKHOU q)YHKIII/II/I Z=arccos—,

y
rae Xx=1+Int, y= —2e_t2+1, nipu to = 1 ¢ TOYHOCTHIO 0 IBYX 3HAKOB IOCJE
3aMATOM.

Ha ocHoBanuu Gopmyisi (4) umeem
2
dz_cedx oedy 1 2x1 ;( _]( 2 1) 20).
dt ox dt 8ydt 1_X4/y2 y Z 1_X4/y2 Yy

[Tpu to = 1 monmyvaem, uro X =1,y =2,
dzj 4

dtly V3

8. BwrumciuTh 3HaUYCHHS YaCTHBIX MMPOU3BOIHBIX (DYHKITUU Z(X,y) ,

3a[aHHOIT HesIBHO ypaBHeHHeM 4X° — 3y°® + 2xyz — 4xz = 3— 2% B Touxe Mo(0, 1, —
1) ¢ TOYHOCTBIO J10 ABYX 3HAKOB MOCJIE 3aAMATOM.
B nannowm ciyuae F(X,y,z) =4x> —3y® + 2xyz — 4xz + 2% — 3, mosTOMY

F(=12x* +2yz -4z, F/=-9y* +2xz, F/=2xy—4x+2z.

CnenosarenbHo 1o popmynam (7):
dz _ F/  12x*+2yz-4z dz_ Ky -9y’+2xz

dx F/ 2xy—4x+2z ' dy F/  2xy—4x+2z

dz dz
Beruncisem 3nadenns — u — B Touke Mo(0, 1, —1):

dx dy
M — 1’ M =4 ,5.
dx dy

9. UccnenoBath Ha JTOKATBHBIN SKCTPEMYM (QYHKIUIO Z = Xy(X +y-— 2).
HaxonuM nepBble 4acTHBIE IPOU3BOIHBIE JAHHOW (DYHKIIMU:
2 2
Zy =2Xy+Yy° =2y, z,=X"+2xy - 2X.
[IpupaBHMBas UX HYJIO, IOJIY4aeM CUCTEMY YPAaBHEHUU
y(2x+y-2)=0,
X(x+2y—2)=0,
U3 KOTOpOH ompejaessieM cTanuoHapHble Touku ganHoW (ynkiwm: Mi(0, 0),
M>(2, 0), M3(0, 2), M4(2/3, 2/3). C momoripio TeopeMsbl 2 U3 § 4 BBISICHHM, KaKue
U3 ATUX TOYEK SIBIIFOTCS TOYKAaMM 3KcTpemyma. JlJIs 3TOro BHauaje HaiaeM
BTOpbIE YAaCTHBIE IPOM3BOAHbIE TaHHOW (PYHKIINU:
Zy =2Y, Iy =2X+2y—2, zj, =2X.
[loxcraBnsisi B MOJTYYEHHBIE BBIPAKEHUS ISl MPOU3BOAHBIX KOOPIHHATHI
CTAlMOHAPHBIX TOYCK M MCIOJIB3Ys TOCTaTOYHBIC YCIOBHUSA IKCTpeMyMa (cM. § 4),



uMmeem: qna Touku Mi; A=-4<0, T. e. 3KCTpemyma HET, JJid TOYKu M>
A=-4<0, T. €. BKCTpeMyMa HeT, Jyisl Touku M3 A=-4<0, T. e. IKCTpemyma
HeT, Uit Touku My A=12/9>0, A=4/3>0, T. e. UMEEM TOUKY JIOKAJIHHOIO

MHHUMyMa QYHKIH, B KOTOPOH Z.;, = 2(2/3, 2/3)=—-8/27.

10. Haiitu Hanbospliee 1 HAaUMEHbBIIEe 3HAaUeHUS (PYHKITUN
z=xy— Y% +3x+4y Bobaactu D, orpanndennoii miamsimMu X =0, y=0,
X+Yy—1=0 (puc. 3).

[ ] Mf

Puc. 3

BrIsicHuM, CyIIECTBYIOT JIM CTallMOHAPHBIE TOUKH, JIEKAIIHE BHYTPU JaHHOU
obnactu D, T. e. BHyTpH TpeyroabHuka OAB. Umeem:

Pemmasi monmydeHHy0 cUCTEMYy ypaBHEHUN, HAXOAUM CTAIIMOHAPHYIO TOYKY
M(-10, -3). Ona nexxut BHe 06nact D, clenoBaTensHO, NPH PEIICHUM 33]auk
MEI €€ He yunuThiBaeM. MccneyeM 3HaueHus (yHKIMU Ha rpaHuie oonactu D . Ha
cropoHe OA (y =0, 0<x<1) tpeyroapauka OAB (yHKIUA Z ©MeeT BHUI Z = 3X.
CranuoHapHbix TO4ek Ha oTpe3ke OA Her, Tak kakZ'=3. B toukax O u A
cootBercTBeHHo z(0, 0) =0, z(1, 0)=3. Ha cropone OB (x=0,0<y<1)
TpeyronpHuka QyHKIms z=-Yy? +4y, 7' =-2y+4. HaxoauMm CTarMoHapHYIO
TOYKY U3 ypaBHeHUs — 2V +4 =0; nomy4yaem, yto y = 2. Takum oOpa3om, Touka
M;(0, 2) ne npunaanexur odnactu D . 3Hauenue Qpynkuuu B Touke B z(0, 1) = 3.
Haxoaum HamOoJsiblliee 1 HAMMEHbIIIEE 3HaUeHUsI Ha CTOpoHe AB: x + y = 1. 3nech
y=1-x, 7=-2x2 +2X+3, torma 2' =—4x+2 uus z'=0 caeqyer x = 1/2, 1. €.
cranuonapHas Touka M>(1/2, 1/2) npunamiesxur rpanune obnactu D . 3HaueHue

¢byukuuu B Hewt z(1/2, 1/2) = 3,5. CpaBHHBas Bce MOIyYCHHBIC 3HAYCHUS (QYHKIINH,
BUJIMM, YTO

Zyas = 2(1/2,1/2)=35, z

Haum

=2(0,0)=0.



OCHOBHBIE ITOHATHUA

VYpaBHeHUs BHIA F(x,y,y’,...,y(”)) =0 um
y = f(x,y,y',---,y(”_l)), (1.1)

re F(x,y,y',...,y(n)) u f(x,y,y',...,y(n_l)) W3BECTHBIC (DYHKIIUHU, a

y= y(x) — HCKoMasi PYHKIUs, HA3bIBACTCA Oughhepenyuanvuvim ypasneHuem

n-20 nopaoka. Ypasuenue (1.1) Ha3pIBaeTCsi ypaBHEHHEM, pa3pelICHHBIM
OTHOCHUTEJIBHO CTapIIEi MPOU3BOJIHOM.
OyHKIUSA
yzy(x,Cl,Cz,..,Cn), (1.2)
coleprKalllasg # HE3aBUCHUMBIX MPOU3BOJIBHBIX TOCTOSIHHBIX U YJIOBIETBOPSOIIAS
ypaBHeHuto (1.1), Ha3biBaeTcsi oOugum pewenuem ypauenus (1.1). Ilpunasas

B cootHomeHun (1.1) mocrosueiM Cj,C;5,..,C, onpenencHHbIC 3HAYCHHUS,

nojiydyaeM uacmuoe pewenue ypapHenus (1.1).
Ecnu 1711 ICKOMOTO 4acTHOTO pemieHus AupdepeHInanbHOro ypaBHEHUs
3aJlaHbl HauanbvHble ycrosus (3aoaua Kowwu)

_ ' o (}’l—l) _ (n—l)
y(xo)—yo, y(xo)—yo,..., y (xo)—yo , (1.3)mu
M3BECTHO 001I[ee PEIICHNUE YPABHEHUSI, TO IPOU3BOJILHBIC TIOCTOSHHBIC
C,,G,,..,C, ompenenstoTcs, €ClIM 3TO BO3MOXKHO, U3 CUCTEMbl YpaBHEHHH

Vo =y(x0, C, Gy, ., Cn),

JANPOOEPEHIIUMAJIBHBIE YPABHEHUSA
INEPBOI'O NOPAIKA

|. Buabl iudpepeHnmaibHbIX yPABHEHUH EPBOro NOPsaKAa.
Huddepennnansuoe ypaBHeHue 1-ro mopsijka ¢ HEM3BECTHOU (PyHKITUEH

y(x), pasperieHHOe OTHOCUTEIBHO V', UMEET BH/I

y'=f(x ), (2.1)
rae f (x, y) —3a7aHHast PyHKIM. B HEKOTOPBIX Cllydasx BHITOJHO 33 HCKOMYIO
(GYHKUHIO CUATATh IEPEMEHHYI0 X W 3alKCchiBaTh ypaBHeHue (2.1) B Buze

x' = g(x, y), (2.1°)
e g(x, y) =1/f (x, y).



dy dx

VuaureiBas, yro y' = Ix ux' = e muddepeHnranbHbie ypaBHEHUS
X
(2.1) m (2.1’) MOXHO 3amKCcaTh B CAMMETPUYHOM popme
P(x, y)dx + Q(x, y)dy =0, (2.2)

riue P(x, y) u Q(x, y) — U3BECTHBIC (DYHKIIUH.
Havanbnsie ycnoBus (1.3) B 3TOM cilyyae NpUHUMAIOT BUJL

y(xo) =y, WIH y(x) =Y,-
X=X,
OOmmM pemeHneM sBisieTcss QyHKIHUS ) = y(x, C), rne C —
MIPOM3BOJIbHAS TTOCTOSIHHAS, YAOBJIETBOpsItoas yciaoBuo (2.1) unu (2.2).

Il. YpaBHeHusi ¢ pa3ieisiioliuMucs nepeMeHHbIMU.
VYpaBHeHUS ¢ pa3aesIIOUUMUCS TIEPEMEHHBIMU MOTYT OBITh 3aMMCaHbI B
BUJIC

y' = f(x)-g(»), 2.3)a
TaK e B BUJIC
M(x) : N(y)dx = P(x)- Q(y)dy. (2.4)
J{nst perieHust Takoro ypaBHEHUs HaJ10 00€ €ro YaCTH YMHOXKUTh UITH

Pa3aCiINTh HAa TAKOC BBIPAKCHUC, YTOOKI B OJHY 4aCTb YPAaBHCHUA BXOANJIO TOJIBKO
X, aB JpYr'yto TOJIbBKO ), W 3aTEM MPOUHTETPUPOBATH 00¢ yacTu.

23) = % = 7(x)-g(x), gd(—;v): )z, | % - [ /(=)
(24) = A}f((;))dx = %dy, J. A}f((j))dx = j%d}/.

3ameuanue. IIpu nenennn o0enx yacTeil ypaBHEHHsI Ha BBIPAXEHHE, COEpKAILEe
HEU3BECTHBIE X M ), MOTYT OBbITh MOTEPSHBI pEUICHUs, OOpaIlaloIINe 3TU

BBIPpAKCHHUA B HOJIb.

[pumep 2.1. Pemuts ypaBHEHUE xzyzy' +1=y.

Pemenue. IlpuBogum 3To ypaBHeHue k Buny (2.4):

xzyzj—y:y—l; xzyzdyz(y—l)dx.
X

Jenum o0e yacTu ypaBHEHUS Ha x> ( Y- 1) )



2
y—+y+ln|y—1|=—l+C.
2 X

2
[Ipu neneHun HA X ( y— 1) MOTJIH OBITh TTIOTEpsHBI pemennss X =0 u
y—1=0, 1.e. y=1 HenocpencTBeHHOI NOACTAaHOBKOH B UICXOJHOE YpPaBHEHUE
>TuX QyHKIMH yoexxmaemes, uto y =1 — pemenune ypaBHenus, a x = 0 — Her.

I1l. Onnopoanbie ypaBHeHUs.
JudbdepennmansHoe ypaBHeHue 1-ro MOpsaKa HA3bIBACTCS OTHOPOTHBIM,

CCJIN €TI0 MOZKHO 3aIluCaThb B BHJIC y, = (P(X) NN B BUJC
X

M(x, y)d X+ N(x, y)d y=0, rae M(x, y), N (x, y) — OJHOPOJIHBIC (PYHKIIMH
OJIHO¥ U TO¥i e cTerneHn K, T.e. M(tx, ly) = tkM(x, y) u
NI (tx, Zy) =tkN (x, y) npu rooom k.

YTtoOBI PCIINUTL OJHOPOJAHOC YPABHCHUC, MOJKHO CACIIATh 3aMCHY
y(.X) = M(X) * X, IOCJC YCTO MOJYy4dacTCsa YPAaBHCHHUC C pa3aCIAIOIUMHACA

TIEPEMEHHBIMH.
Y
[Ipumep 2.2. Pemmnth ypaBHeHue Xy’ = xe* + y.
Y
Pemrenve. IlepenuineM ypaBHeHue B Buae )’ = e* + X. [lonaraem
X
y(x) = u(x) -x, torna y' =u'-x+ u. IloxcTaBisis B ypaBHEHHUE, TIOITYyIHM
! u 4 u u —u d’x
u'-x+u=e +u;, u-x=e; x-du=edx nm e du=—;
X
—u dx —u —u
[ertau=["=; =™ =x|- 1 C| wm ™ =—inx|+0n C};
X
_ C C C
e "inl—| —u=Inln—\||; u=-—Inn—||.
X X X

B03Bpama$[<:b K CTapbIM IICPECMCHHBIM X, V, TIOJYYHUM.

Z:—ln(ln ¢ ED
X

—|| wm y=-x ln(ln

X X
IV. JIluneiinble ypaBHenusi 1-ro mopsizka M ypaBHeHusi bepHysuin.
YpaBHEHHS BUIA

v+ p(x)-y=¢q(x) (2.5)
HA3bIBACTCSI IMHEWHBIM, 3aMETUM, YTO TIPU q(x) = (0 nuHe#HOE ypaBHEHHUE

CTAHOBUTCS] YPABHEHUEM C PA3CIAIOIIUMUCI IEPEMEHHBIMU.
YpaBHeHHE BUaA



y'+p(x) y=q(x) »* (2.6)
npu oo #=0 u o #1 HasweBaercs ypaBHeHueMm bepuymm (mpu oo =0 u o =1
TIOJTy4aeM JIMHEHHOE ypaBHECHUE).

O06a 3T ypaBHEHHUSI MOXKHO PELIUTH C TOMOIIBIO MOICTAHOBKH

(x) = u(x) - v(x)
Torna ypaBaenue (2.5), HanpuMep, NPUMET BUJT
u'-v+u-v'+p(x)-u-v = q(x) AT

u'-v+u-[v'+p(x)-v]:q(x). (2.7)

Ecnmu motpeboBath, 4TOOBI
V' +p(x) v =0, (2.8)
to u3 (2.8) Haiimem v, a3arem u3 (2.7) monyuum u'-v = q(x) Y HaiigeM u,
a, CJIeI0BAaTENIbHO, U V = U+ V.
[Ipumep 2.3. HaiiTh 4acTHOE peLICHHE YPAaBHEHUS

, 1
y' —y-1gx = : y(0)=1.
CcosXx

Pemenve. Mcnons3yem moacranoBky y=u-v, y' =u'-v+u-v'. Torma
ypaBHEHHE PUHUMAET BH/I

1 1
u'-v+u-v —u-v-tgx = , u'-v+u-(v’—v-tgx): ,
CcosX cosXx
OTCIO/IA
!
vi—v-tgx =0
, 1 (2.9)
u' -v= )
CcoSX

Pemraem nepBoe u3 ypaBHenuit (2.9):

)

dv dv
Vv =v-tgx; — =tgx-dx; I—:Itgx-dx; In|v|=—1In|cosx
v v

(HpI/I BBIYHCJICHUHU 3TUX MHTCTPAJIOB ITPOU3BOJIbHAA ITOCTOSAHHAS HE HI/IH_ICTCH),

OTKyJa

|
V= .
CcoSsXx
W3 BTOporo ypaBHenus (2.9) Haxoaum u(x) ;
1 1
u' - = , u' =1, jduzjdx, u=x+C.
COSX  COSX
CnenmoBarteibHO,
|
y= u-v:(x+C)-
CcoSs X



1
1:(O+C)-I = C=1
[ToxcrapiseM 3TO 3HaYCHHE B O0IIee PelIeHHE:
1
y= (x + l) :

CoSX
DTO U €CTh HCKOMOE YaCTHOE PEILICHHUE.
[Ipumep 2.4. Haiitu oO1iee perieHue ypaBHEHUS

4
V== =xy.

Pemienue. Oto ypaBHeHnue bepuyinu (oc =1/ 2). 3amMeTuM, 4TO TaHHOE

ypaBHeHHe umeeT pemieHre Y = 0. UToObl HAlTH pelieHne, OTIIMIHOE OT

HYJIEBOTO, IIPOBEAEM 3aMeny y=u-v, ¥ =u'-v+u-v'. Toayunm:

4
U v+u- v ——u-v=xvJu-v um
X
! ! 4
u-v+u-lvi——v|=xvu-v.
X
Jlnst onpeieieHuss U UV UMEEM:
vVi——v=0
X (2.10)

u -v=xvJu-v.

W3 nepBoro ypaBHenust (2.10) nHaxoaum:

dv 4 d 4
vV X v X
ToTz1a U3 BTOporo ypaBuenus (2.10):
d d
u xt=x- u-x4; u'-xz«/;; _u:_x; 2Vu = ln|x|+2C;
Ju x
1 1 ?
\/;:—ln|x|+C; u=|=Inx|+C| ,
2 2
CJIeI0BaTEIbHO, 0011Iee PEIICHHE MTOJTYyYUM B BHJIE:
2
1
y=0; y=x4'(aln|x|+Cj :
V. YpaBHenuss B noJiHbix auddepenuunanax.
YpaBHeHne
M(x, y)dx + N(x, y)dy =0 (2.11)

Ha3bIBAETCS YPAaBHEHUEM B MOJHBIX TU(PepeHIranax, eciid ero JeBas 4acTh
SBJISICTCSI TIOJTHBIM T PepeHImanToM HEKOTOPOi GyHKITUN u(x, y), T.€.

u, = M(x, y), uy, = N (x, y). DTO UMEET MECTH, ECITH



[M(x, y)] y = [N(x, y)] x.
Uto0bI pemuTh ypaBHeHue (2.11), Hago HaTH QYHKIUIO u(x, y). Torna

06mee PCHICHUC YPABHCHUA MOKHO 3aIllMCATh B BUAC u(x, y) = C, rac C -

MIPOU3BOJIbHAS TOCTOSIHHAS.
[Ipumep 2.5. PemuTh ypaBHEHUE

(2x+ 3x2y)dx+(x3 — 3y2)dy =0.

Pentenune. Tak kak

4 4
(2x+ 3x2y) y = 3x% u (x3 —3y2) x =3x2,
TO 3TO YpaBHEHHUE SIBJISICTCS] ypaBHEHUEM B MONHBIX quddepenunanax. Haitnem
GyHKIHIO u(x, y), nonHbli uddepentman kotopoit du = u,d x+u;,dy Obun
ObI paBeH JIEBOW YacTH ypaBHEHUS, T.€.
' 2 ' 3 2

uy =2x+3x"y, wu,=x"—-3y". (2.12)
HuTerpupyem no x mnepBoe U3 ypaBHEeHUU (2.12), cuutas y NOCTOSHHBIM; IIPH
TOM BMECTO IMOCTOSIHHOM UHTETPUPOBAHUS HAJI0 IOCTABUTh (p( y) -

HEU3BECTHYIO (QYHKIIHIO OT ) .
u(x, y) = J.(2x + 3x2y)dy = x? +x3y + (p(y).
[ToacTaBIIsIst 3TO BBHIPAKEHHUE IS u(x, y) BO BTOpOE M3 ypaBHeHu# (2.12),

HauJIeM (p( y) )

(x2 +x3y+(p(y)) y = x3 - 3y2, x° +(p'(y) =x3— 3y2,

o'(V)=-3*  oy)=-».

CraenoBaTeabHO, MOKHO B3STh
u(x, y) = x? +x3y—y3,
1 o011Iee peleHre YpaBHEHUS OyIeT UMETh BH]I
x? +x3y—y3 =C.



YPABHEHUSA BTOPOI'O IIOPA/KA,
JOIIYCKAIOIIHUE IMOHWXEHHUE ITOPAJIKA

I. Ecou y"” =f(x), TO
y=j(jf(x)dx)dx+C1x+C2.

1. Eciu nuddepennmanbHoe ypaBHEHUE SIBHO HE COJEPKUT Y, T.€.
F (x, v, y") =0, 10, monaras y'(x) = p(x) y"(x) = p'(x), HOJTyYUM
ypaBHEHHUE TIEPBOTO MOPSAKA OTHOCUTEITHHO (PYHKITUU p(x).

[Tpumep 3.1. HaiiTu yacTHOE penieHue ypaBHECHUS
x"'+y' +x=0,

yIOBIETBOpsoNIee HavaabHbM yesoBusim ¥y =0, y' =0 npu x = 1.
Pemienne. Tak kak ypaBHEHHE SIBHO HE COAECPKUT ), TO, IOjaras

y' = p(x), nmeeM V" = p', orkyma
1
xp'+p+x=0, te. p'+—p=-1.
X
PemaeM 310 ypaBHEeHUE KaK JIMHEWHOE OTHOCUTENBHO (PYHKIIUU p(x) )

! ! ' ' , 1
p(X):u-V, p=u-v+uv = u-V+u-(v +—V)=—1,

X
1
vVi+—v=0
X
u'-v=-1
Pemaem nepBoe ypaBHEHHUE OTHOCUTENILHO V.
dv 1 dv dx
— =y, —=—— ln|v|:—ln|x; v=—.
dx X v X
W3 BTOPOro ypaBHEHUS HAXOAUM U
1 2
u'-—=-1, u' =-x; Idu:—fxdx; uz—x——l—Cl, T.€.
X 2
p(x)—u V= ! C _x2 _G _x
xU 0 o2) x 2
Mz ycnosuss y' = p=0 npu x=1 umeem:
1 1
0= Cl ——, T.C. Cl = —.
2 2
1

(o) e 231y
CrenoBarenbHo, p=—| —— WM —— =—| ——X |, OTKyza
2\x dx 2\x



1(1 1 x?
d =—(——xjdx =—|Inx|—-—— |+ C,.
Y=o\ -y 2( [ 2} 2

[lonmaras y =0 npu x =1, Haxommm:

O:l(lnl_l)‘f‘(jz, —1+C2:0; szl.
2 2 4 4

1 x*) 1
[TonyuyaeMm TpebyeMoe 4acTHOE PelieHHe: ) = 5 In|x|—=—|+ 7

1. Ecnu muddepennnansHoe ypaBHEHUE IBHO HE COIEPKUT X, T.C.

F(y, v, y”) =0, To, mojiaras ' =p(y), y" = j—p-p:p'p, HOJIyYHM
Y

ypaBHEHHE MEPBOTO Mopsiaka [ (y, )22 p') = (0 oTHOCHTENBHO p(y).

[Ipumep 3.2. Haiitu yacTHOE pelieHue ypaBHEeHHs y'' = 2y3,
yIIOBJIETBOPSIOIIEE HA4YaIbHBIM YCIOBHIM y(O) = y'(O) =1

Perienne. Tak Kak ypaBHEHHE SIBHO HE COIEPKHUT X, TO, HOJIaras
y'= p(y), y" = p'p, nonyunm: p'p=2y> wm pdp=2y>dy, orxyza

2

p 1 4 G
L = +_’
2 2y 2

Takkak y'=p=1wu y=1 npu x=0, 10
1=1+C1 = C1=O

p2 :y4+Cl.

d
Crnemosatemsho, p° =y*; p=+y%; ' =+p?; —;j =+dx;
y
1
——=xx+ C2 .
y
[loxcrassist HadanbHbIe yenous, Haxoqum C,
—11=0+C,; C, =-1.
-1 1
[TosyyaeM yacTHOE petenne: ——=tx—1 wm y = = ——, T.e. b0
y +tx-1 1Fx

b0 —L
l1-x d 1+x

y:



JUHEUHBIE JU®OEPEHIMAJIBHBIE YPABHEHUA
BTOPOI'O NNOPAIAKA C IMOCTOAHHBIMUAU
KO3®PUIIUMEHTAMUAU

|. YpaBHenue Buia
y'+py'+q-y=0 (4.1)
Iie p, ¢ — TOCTOSTHHBIC, y(x) — Heu3BecTHas (PYHKIUS, Ha3bIBACTCS

JIUHEHHBIM 00HOPOOHbIM TN dEepeHIINATEHBIM YPaBHEHUEM C ITOCTOSHHBIMH KO-
s dunmeHTamu.
Ecmu k|, k, — xopHu xapakmepucmuueckozo ypasnenus

kK2 +p-k+qg=0, (4.2)
TO oO11iee penieHre ypaBHeHust (4.1) 3amuchbIBacTCs B OJHOM U3 CICIYIOMINX TPEX
BUJIOB:
1) y=C LMy C, " ecrm ki, k, —BemecTtBeHHBI U k| # kj;
2) y= ekx(Cl +xC2), ecmm ky =k, =k,
3) y=e™(C, cosPx +C, sinPx), ecu ky =a+if, k, =o—ip,
B#0, i — MHHUMas eIUHHUIA (i2 = —1).
C;, (5 — mpou3BOJbHbIEC IOCTOSHHEIE.
[Tpumep 4.1. Haiitu oOmue penieHus ypaBHEHUM:
a) y'=3y"+2y=0;
6) y"+2y"'+5y=0;
8) v'+2y'+y=0.

Pemienue.
@) Pemaem xapakTepUCTHUECKOE YPaBHEHHE: k? —3k+2=0,

ki, =15%05 k=1 ky=2,
y=Cie” +Cye™ — obuee pemeHue.
0) Pemaem xapakTepuCTHUECKOE ypaBHEHHE: k? +2k+5=0,
iy =—1tN=4=-122i; Kk =-1+2i, k, =—1-2i,
a=-1, B=2
y= e_x(Cl cos2x + C, sin 2x) — oO1ee penreHue.

6) Pellaem xapakTepuCTHYECKOE YPaBHEHUE: k? +2k+1=0,

kl = kz =k=-1
y= e_x(Cl +xC2) — o011ee pelicHue.

1. OObiee peluieHue uHnennoz0 HeoOHOpPoOHo20 TUdhepeHITnaTbHOTO
ypaBHEHUS BTOPOTO MOPSIKA C TIOCTOSHHBIMU KO3 (DHUIIMEHTaAMH



y'+py'+qy=f(x) (4.3)
MO>KHO 3aMucaTh B BUJE
y = yO + y*’
rae y, — oblee peleHne COOTBETCTBYIOIIEr0 OJHOPOIHOIO ypaBHeHus (4.1),
onpenensemoe no popmynam 1) — 3), a y, — Kakoe-TMOO YACTHOE pelIeHUE
JTAHHOT'O0 HEOJTHOPOIHOTO YpaBHeHUs (4.3).

1). ®yHKIMSA y, MOXKET OBITh HAWJIEHa METOIOM BapUaLlMU TPOU3BOJIBHBIX
TIOCTOSIHHBIX, €CJIU pelleHne y, 3ammcano B Bune y, = Cyy; + Cyy,.
CoryiacHO 3TOMy METOJly pELIEHUE Y, HIIETCS B BUJE:
Ve = Gi(x)y1 + G ()12,
rae pynkmun  C (x) nu C, (x) OIIPENEIIAIOTCA U3 CUCTEMBI

Ci(x)y; + Ch(x)y, =0
dC dC
Ci(x)yi + Cy(x)ys = f(x), Cj=—L, Cj=—=2.
1( )yl 2( )J’2 f( ) 1= 270,
1
[Ipumep 4.2. Haiitu obuiee peiieHune ypapHenus y"' +y = —.
sinx
Pentenvie PemraeM cOOTBETCTBYIOIIEE OJHOPOIHOE YPaBHEHHUE

y'+y=0.
kK> +1=0; k=+i = a=0, B =1, caenosarensHoO,
v, = Cjcosx+ C, sinx,
TOTAa )| = COSX, Y, = SINX, W 4acTHOE pelIeHHe 3aJaHHOTO HEOIHOPOIHOTO
ypaBHEHUs OyJeM HCKaTh B BUJIC
Ve =C (x) -cosx +C, (x) -SInXx.
OrnocutensHo Qynkiuit C; (x) u G, (x) MOJIy4YHM CUCTEMY:

Ci(x)-cosx + Cy(x)-sinx =0

: 1
Ci(x)-(—sinx)+ C5(x)- cosx = —.
sinx

, , COSX ,

U3 nepBoro ypaBHenus C5 = —C|-———, moxcrasisist 3T0 Beipaxenue 1t C,
sinx
BO BTOPOE YpaBHECHHE, TOJYIHM
2 . 2 2
;o , Ccos” X 1 , Sin“ x+cos” x 1
—C|-sinx—C{-——=—— nm —(j- : =—,
sinx  Sinx sin x sin x

Cl=-1 = C,=-x,
CoSs X COoS X

Cj =1 dx = In|sinx|.

SinXx Sinx



Pemenue y, nmpuHuUMaeT BUL:

Ve =—X-COSX+SInx- ln| sinx |
[Noygaem oO1iee pemeHne HCXOTHOTO YPaBHEHHUS:

Y=V, +Ye=C-cosx+C,-sinx —x-cosx +sinx - In| sinx | =
= (Cl —Xx)-cosx + (C2 + In| sinx |) -SInX.
2). YacTHoe pemeHue y, MOXKET ObITh HAWJAEHO METOAOM HEONPENEIEHHBIX
K02 PHUIUCHTOB B CiTydasx, Koraa [ (x) MMEET CIICIMATbHBINA BHUI.
a) [ (x) =P, (x) rIe
P, (x)= Ax" + 4x" 4. 44, (4.4)

3aJJaHHBII MHOTOYICH CTCTICHU 11 (AO # O).

YacTHoe perieHue y, B ATOM CiIydae cielyeT UCKaThb B BUJIE:
Vi = 0,(x)=b,x" + bx" . +b, (4.5)
ecnu yncino k = 0 He SBIACTCS KOPHEM XapaKTePHUCTUUECKOTO
ypaBHeHus (4.2);
Ve =X Qm (x )’
eciu ynuciio k = 0 sABJISIETCS OJUH pa3 KOPHEM XapaKTEPUCTHUCCKOTO YPaBHEHUS
(42) n

Ve = x2 ) Qm(x)’
ecad unciio k = 0 sBjseTcs ABa pa3sa KOPHEM XapaKTEPUCTHUECKOTO YPaBHEHHS
4.2).
Koadpduumentsr b,, by,..., b

', HAXOIATCSI METONOM HCEOIIPCACIICHHBIX

K03(PUITMEHTOB.
[pumep 4.3. Pemnts ypaBHenue V" +y' =2x+ 3.

Pemenne. Haxonum cHavana o01mee peeHne COOTBETCTBYIOIIETO
OJHOPOJHOTO YPABHCHUA.

y'+y'=0, k*+k=0, k=0 k, =1,
Yo = Cl + C2 -e_x.
Tak kak uncino k =0 sBIseTCS OJJMH pa3 KOPHEM XapaKTEPUCTHUYECCKOTO
ypaBHEHUS, U f (x) = 2x + 3 — MHOrowIeH cteneHn m = |, TO 4yacTHOE

pelieHue y, WIIEM B BUIE
Vi =x-(byx+b;)= b0x2 + byx.
[MoxcTaBisist ), B MCXOAHOE YPaBHEHHE, TOIYUUM:
2b, +2b,x +b; =2x+3 wm 2b,x+(2b, +b))=2x+3 =
2b,=2 wn 2b,+b =3,
cienoBatensHo, b, =1 u by =1, torma y, =x(x+ 1).
OO11ee perieHre NCX0JHOrO YpaBHEHUS



V=Y, + Ve :C1+C2-e_x+x(x+l).

6) | (x) =e™ P, (x) rae a=const, P, (x) OIIPEJEINAETC COOTHOLIEHUEM
(4.4).
B sTom ciyuae
Ve = e - Qm(x),
CCIIM YUCIIO kK = a He SBISCTCS KOPHEM XapaKTePUCTUICCKOTO
ypaBHeHus (4.2),

_ax
Ve =¢ -Qm(x)-x,
CCIIM YMCII0 kK = @ SBIAETCS OJUH pa3 KOPHEM XapaKTEPUCTUUCCKOTO YPaBHEHHS
(42) m
o ax 2
y*_e .Qm(-x)°-x )
CCIIM YMCII0 kK = a SABIAETCS JBa pa3a KOPHEM XapaKTePUCTHUECKOIO YPaBHEHUS
(4.2).
Mmuorowien Q,, (x) uMeeT Buj (4.5).

[pumep 4.4. Pemuts ypasuenue y"' —2y ' +y=x-¢e .
Pemenne. Haxomauwm cHavana y,,.
' =2y +y=0, k*=2k+1=0, k =k,=1,
X
Y, =e -(C1 +xC2).
Tak kak a =1 sBisercs aBa pasa KOPHEM XapaKTEPUCTHIECKOTO
ypaBHEHUS, ¥ M =1, TO pEIIEHHE ), HIIEM B BUJIE

Vo= (bx+by)x* =e* -(b0x3 +b1x2).

Torna y, =e” '(b0x3 +bx? +3b,x* +2b1x),
yi=e" -(b0x3 +byx? +6b,x* +4b,x + 6b, x +2b, )

U3 UCXOHOTO YPaBHEHUS MOIYIUM

e’ -(b0x3 +byx? +6b,x* +4b,x +6b,x +2b, ) -

—2e* -(b0x3 +bx? +3b,x% + 2b1x) +e” -(b0x3 +b1x2) =x-e,
b,x> +bx* +6b,x* +4b x +6b,x +2b, —2b,x> —2b,x* —6b,x* —
—4bx + box3 + blx2 =X,

6b,x +2b; = x,

6b0:1, 2b1:0 = bo:é} b1:O

3
CrnenoBaTenbHO, Y, = gx -€*, u o0lee peleHne HCXOIHOTO YPaBHEHHUS

HUMCECT BU:



Y=Yo TV« :ex (Cl +XC2)+éx3'€x.

6) f(x)=e* -[Pm(x) cos bx +RS(x)Sinbx], rie P,(x) n Ry(x) -
MHOTOYJICHBI CTEIIEHH M W § CooTBeTcTBeHHO. Torna
Ve =e“ -[SN(x) cosbx + TN(x)Sinbx],
eci ynucno k = a+ib He SBIAETCA KOPHEM XapaKTepPUCTHYECKOTO YPABHEHHUSI
(4.2), u
Ve =x-7 -[SN(x)cosbx + TN(x)sinbx],

eci Ynueno k = a+ib SBIAETCS KOPHEM XapaKTepUCTHIECKOTO YPAaBHEHHS
(4.2), nmpusrom N = max(m, S), S N(x) u T N(x) — MHOTOYICHBI cTeneHn N
C HeoMpe/IeNICHHBIMU Koo (HImeHTaMu.

[Ipumep 4.5. pemnts ypaBHenue )" + 4y = 4(Sin 2x + cos 2x).

Permenue. pemraeM COOTBETCTBYIOIIEE OJHOPOAHOE YPaBHCHHUE.
y'+4y=0, k*+4=0, k=+2i, k =2i, k,=-2i
a=0 B=2,
v, = Cjcos2x+ C, sin2x.
Tak Kak Pm(x):RS(x)=4, 0o m=s=0, N=0, a=0, b=2 =
a+ib=2i — onuH pa3 KOPEHb XapPaKTEPHUCTUIECKOTO yPABHEHHMSI, YACTHOC
pelIeHue ), HIIEeM B BUJIC
Vi =x-(b, cos2x + c, sin2x).
yi =b, cos2x +c, sin2x + 2x-(— b, sin2x + ¢, cos 2x),
yi =4-(=b, sin2x+c, cos2x)—4x-(b, cos2x + ¢, sin2x).
[ToncraBnsgem B ypaBHEHHE:
4. (— b, sin2x +c, cos2x)—4x-(b, cos2x +c, sin 2x) +
+4x- (bo cos2x+c, sin 2x) = 4(Sin 2x +cos2x),
—b, sin2x + ¢, cos 2x = sin2x + cos 2x, orkyna
b,=-1, c¢c,=1 u
Ve =X- (Sin 2x —cos 2x).
BrinuceiBaeM o0111€€ peliieHue:
Y=Y, =Ys = Cjcos2x+ C, sin2x +x-(sin2x — cos2x).



CUCTEMBI JUHENHBIX
JNOOEPEHIINAJIBHBIX YPABHEHHUU
C MOCTOSAHHBIMU KOO®PPUIHUEHTAMUA

PaCCMOTpI/IM CI/ICTCMy BHUaa

{x; =apx+apy

Vi =anx+ayy,
dx , dy
_—, yt = —
dt dt
OI[I/IH 13 METOJI0B peIHeHI/IH TaKHUX CUCTEM COCTOUT B CBCIACHHUHU €€ K OI[HOMy

auHelHOMY nudepeHInaTbHOMY YPaBHEHUIO 2-TO TIOPSAJIKA C TOCTOSTHHBIMU

’_
Tae ayy, dijy, dpy, yy — 3aJaHHBIC KOHCTAHTBL, @ X; =

K03 PUITUEHTaAMH.

DTO MOKHO CI€J1aTh, HAIIPUMEP, CIEIYIOIMM CIIOCOOOM.

1
W3 rmepBoro ypaBHEHUS CHCTEMBI HaxoauM Y = —(X; — a;;X), Torma
t 11
app

V= —(xt’t'—allxt'). [TofcTaBisis y W ), BO BTOPOE YPaBHEHHUE, [TOIYIHM:

a2

1 r’ ! a
_ 22 '
—(xﬁ - allxt) =dynX + —(.xt - allx) nim
ain apn
" r '
Xy — Q11X = A1pdy X +dxX, — dypdyX,
" ’ _
Xy — (6111 +ay )xz - (a12a21 +dapnday )X =0.
[TonyuyeHHOE ypaBHEHHE pelllaeM, Kak nokazaHo B § 4. [1o HalileHHOMY
x(t) BBIYUCIISIEM y(t).

,_
X, =xX—Yy

[Tpumep S.1. Pemuts cuctemy
v =—4x+y.

Pemenue. 13 nepBoro ypaBHeHHs] HAXOAUM
_ ' ro_ "
Y=X=Xp, Ve =X = Xy
[Toxcrasisiem BO BTOPOE ypaBHEHUE:
’ "o o_ ’ " ’ _
X, =Xy =—4x+x—-x;,, x,;—2x;,-3x=0.
[Tomyyaem oHOpOHOE TMHENHHOE yYpaBHeHHe. HaxonuMm ero odiee
pelieHue.

k*=2k-3=0, k=12, Kk =-1, k=3
x(t) =Cee '+ Cze3t.
Torna
Boiy(t)=x—x'(1)=Cie”" + Cye® +Cie —3Cye* =2C e —2C e
BrinuceiBaeM 00111€€ peilieHre UCXOTHON CUCTEMBI:

x(t) =Ce' + Cze3t

W(t)=2Ce™" =20,



IF'EOMETPUYECKHUE U ®PUNYECKHUE 3AJTAYHN

YroObl pemuTh reOMETPUYECKHE 3a]a4l, HaJI0 TOCTPOUTH YEPTEK,
0003HAYUTh HCKOMYIO KPUBYIO Uepe3 ) = y(x) (ecnu 3agayda perraercs B
IPSIMOYTOJIBHBIX KOOPJMHATAX) U BBIPA3UTh BCE YIIOMUHAEMBIE B 33/1a4e
BEJIMYMHBL uepe3 X, ¥, y'. Toraa TaHHOe B yCIIOBHH 33]1a4d COOTHOIICHUE
npeBpamaercs B AuddepeHnnaibHoe ypaBHEHHE, U3 KOTOPOTO MOKHO HalWTH
UCKOMYIO (DYHKIIHIO y(x).

B ¢usndecknx 3agayax Ha/I0 MPEKIe BCETO PEUINTh, KAKyIO U3 BETUYNH

B34Tb 3da HC3aBUCUMOC IICPCMCHHOC, 4 KaKYIO — 3da HCKOMYIO (l)YHKHI/IIO 3areMm
HaJ10 BbIPA3UThb, Ha CKOJIbKO U3MCHHUTCA NCKOMAsA q)YHKHI/ISI Yy, KOrja HC3aBU-

CHUMOE MIEPEMEHHOE X TMOJYYHT MpHupamieHine A x, T.e. BBIPa3UTh Pa3HOCTb
y(x + Ax) - y(x) yepe3 BEJTUYHMHBI, O KOTOPBIX TOBOPUTCS B 3aja4e. Paznenus

9Ty pa3HocTh Ha AX W nepeias k npeneny npu Ax — 0, moayuum

nuddepeHnnanbHoe ypaBHEHHE, U3 KOTOPOTO MOYKHO HANTH UCKOMYIO (DYHKITHIO.
B OosbiivHCTBE 33124 COAEPKATCS YCIOBHUS, C TOMOIIBIO KOTOPBIX MOJIHO
OTIPEJICIUTH 3HAYEHUS TIOCTOSIHHBIX, BXOISIIMX B 0011Ie€ PEeIICHHE
muddepennnanbHoro ypaBuenus. Mnoraa nuddepenimaibHoe ypaBHEHHE MOYKHO
COCTaBUTH 00JIE€ MPOCTHIM MYTEM, BOCIIOJIb30BABIIKUCEH (DU3NYECKUM CMBICIIOM

d

. Y
IIPONU3BOAHOHN (CCJII/I HC3aBUCHUMOC IICPCMCHHOC — BPCMA t, TO d_ CCTh
t

CKOPOCTh U3MCHEHUS BEJIMYMHBI ) ).

[Tpumep 6.1. HaliTu KpuBYyIO, IpOXOASIIYyIO Yyepe3 Touky (2.1), y koTopoit
TOUKa MepeceueHus 1000 KacaTelIbHOM ¢ 0Chi0 a0CHUCC OJJUHAKOBO yajieHa OT
TOYKM KaCaHHs U OT Ha4ajla KOOPJAUHAT.

Pemienue. g

M (x, y) — Touka kacanusi; N — Toyka

TIepeceueH s KacaTeJIbHOW C OChI0 a0CIUCC;
O — navano xoopauHar. [1o ycioButo

Y
|ON|=|]\/IN|. Ecim X, Y — Tekymue | )
| wx
KOOPAMHATHI, ) = y(x) — HWCKOMasi KpuBas, TO |
o o |
ypaBHEHHUE KacaTeIbHOM, MPOXOIAIICH uepes O | X
TOUKy M , 3anuimercs B BUC ' >
X

Y—y:y'(x)-(X—x).
HaxoauM KoopauHaTel TOUKH N (TOYKM IEpeceYeHts KacaTelbHOM ¢ 0ChIO

abcmucc): Y=0 = X:x—l,, TOT1a
Y



2
Y. 2 2 ) 2
[ON|=|x=2]; | MN|=(x=X) +(r-1)* = [Z+57.
Yy
CraenoBaTteibHO,
2
x—l’ = y2+y2.
y y'
Bo3Boaum 00¢ yacTv ypaBHCHHS B KBaIparT:
2 2 2
Y Yy Yy
2x
1.2 1.2 ' 34
yx©=2xy=y'y" wm y =—.
X =)y

[Mony4wmu ogHOpOAHOE ypaBHeHUE. [IpoBOIMM 3aMeHy y(x) =X u(x)

v'=u'-x+u, nojcrasisemM B ypaBHEHHE:

u'-x+u—% u'-x+u= 2u
xz(l—uz), 1-u?
u = 2u _u_u+u3
1—u? 1—u?’
J.(l—u2)du_.|.dx J.(l_ 2u )du— ﬂ
u+u’ x U 1+u’ x
ln|u|—ln(l+u2)=ln|x|+ln|C,
u Y
=Cx WA = Cx, oTKyna
1+ u? x(1+y2/x2)
y:C(x2+y2).

Tax kak KpuBasi MPOXOIUT Yepe3 TOUKY C KOOpIAUHATAMH (2; l), TO
1
1:C-(4+1), C=g.

OKOHYATENBHO MOTyYaeM:

y:%( 2+y2) 17001 x2+(y—2,5)2=6,25 —

OKpPY)XHOCTB paguyca R =+/6,25 =25 c 1ieHTpoM B TOUKE (0; 2,5).

[Tpumep 6.2. Cocyn oobemom B 20 muTpoB coaepkut Bo3ayx (80% azora
u 20% xucnopona). B cocya Brekaer 0,1 nutp a3oTa B CEKYHy, KOTOPBIii
HEIPEPHIBHO TIEPEMEIIIUBACTCS, M BBITEKACT TAKOE JK€ KOJUIECTBO cMecH. Yepes
CKOJILKO BpeMeHHU B cocyze oyner 99% azora ?




Pewienne. B kauecTBe HE3aBUCHMMOU IEPEMEHHOM BO3BMEM BpeMs f.
IlycTh y(z‘) — KOJIMYECTBO a30Ta (B JIUTpax) B COCYyJE Yepe3 BpeMsi [ C MOMEHTa
Hayaja BTeKaHus a30Ta B cocyn. Haiinem, Ha CKOJIBKO N3MEHUTCS KOJIMYECTBO
a30Ta 3a IPOMEKYTOK BpEMCHH [t; t+A z‘] .

3aBpems At¢ cexkynn B cocya nocrymaer 0,1-A¢ azora. Konnenrpamnus
a3oTa B MOMCHT [ paBHA p = y(t) / 20, cnenoBatenbHO, 3a BpeMsi A ¢
BBITEKAET BMECTE CO CMECBIO KOJINYECTBO a30Ta, paBHOE

01-p-At=y(t)- At/ 200.
[Ipupamenue konuyecTsa a3oTa 3a BpemMs A¢ paBHO
W(t+At)—y(1)=01-At—y(t)- At/ 200.

[Tocne neneHus Ha At TONIyYUM
Wt+At)—y(1) 01_@

b

At 200°
[epexomst B 3TOM ypaBHEHUU K ipeaeny npu At —> 0 u yduThIBas, 4To

W(t+At)— (1)

lim = '(¢), moyunM ypaBHeHHe ¢ pasaeIIOLIMHCS
At—0 At
MIePEeMEHHBIMU
1 1 dy 1
t=———t) » —=—=(y—-20) =
(=15 2ooy() d1 200(y )
d 1
y __ — I =
y—20 200 Y- 20 200
1
In|y—20|= ~300 t+Cj, rne C| — npou3BOJIBHAS IOCTOSHHAA,
1 1
— 1+ —
y—20=e 200 y=20+e 200 .e™1,

O6osnaunm €< = C u MEPenuIlneM perieHre B BUIE
1

——t
y=20+C-e 200
B HavanbHbiil MoMeHT £ = (0 cojepikaHue a30Ta IO YCIOBHIO 3a/1a4u
coctasisier 80%, T.e. koHUEHTpauus paBHa 0,8, CIe10BATENBHO,

0,8:@ - o,gzi(20+c-e0) -~ C=-4
20 20

1

3Ha4YuT y() 20—-4-e 200 :

Teneps HaliIeM MOMEHT BpEMEHU ¢, KOTJa KOHUEHTpALMS a30Ta
crtaHoButcs paBHou 0,99.



1
{ ——t
20 20

1 1

—t —t
198=20—-4-¢ 200 ; 4.¢ 200 =072;
1
—t

4.e 200 =0,05 —Ltzan,OS;
200

t =-200-/n0,05=200- 171(0,05)_1 =200-/n20 ~ 600 cexyun nau
t = 10 MunyT



PSITBI
OCHOBHBIE CBEJIEHUS 13 TEOPUM

OHDCI[CJ'I@HI/IG. PsanoMm Ha3piBaeTcs CymMMa OSCKOHEUYHOI'0 MHOYKECTBA ClIaracMbIX

Ui+U+Us+. . +Up+... (1)

CumBonst Ug, Uy, ..U, Ha3pIBalOTCS WieHaMu psija.
Onu MOTyT OBITH YKClIaMU, QYHKIUSIMHU, MATPUIIAMH, & COOTBETCTBYIOIIUE PSI/IbI
HA3bIBAIOTCS YUCIIOBBIMHU, (YHKITMOHATILHBIMU, MATPUIHBIMHU.

o0
CokpaiueHo psig o0o3Hadaercs Tak: » U, .
n=1

Unen U, Ha3zwpIBaeTcs OOIIUM YJICHOM psija.
CyMMma N-TiepBBIM YJICHOM psijia

Sn=U1+U+Us+. . . +U, (2)

HA3bIBAETCA YACTUYHON CYMMOI.

Ecmu lim S, =S, 10 psig Ha3piBaeTCs cXOMAMUMCS S-CyMMOH psijia.
n—o0

Ecmu lim S, ==o0, To psin pacXomuTcs M CyMMBI HE UMEET.
n—o0

HGO6XOHHMBIﬁ IIPHU3HAK CXOAMMOCTH piaa.

Ecmu psin (1) cxomures, To lim U, =0.
n—oo

DTO MpU3HAK HE SBJISETCA TOCTATOYHBIM, T.€. U3 CTPEMJICHUS K HYJIIO0 00IIEro
YyJieHa HEeJb3s €lle CAeNIaTh 3aKJIIYeHre, 4YTo psall cxoauTcs. Ho ecnu oOmuii uieH
psiZia He CTPEMUTCSI K HYJIIO, TO PSJT PACXOIUTCS.

[Ipu3Haku CXOOUMOCTH PSIOB

IIpu3Hak cpaBHEHUS.

Teopema 1. A) IlycTs psiab

Ui+Uo+Us+.. +U+. .. (3)
Vi+Vo+Va+. .. +Vt. .. (4)
nosiokuTenbHbl. Ecin psn (4) cxomutcs, a uineHbl  psaga (3), HauMHas C
HEKOTOPOT'0, MEHBILIE COOTBETCTBYIOIIMX WICHOB psaa (4), To psan (4) cxoautcs; 0)
Ecnmu psn (4) pacxoautcs, a wieHsl psaga (3), HaUMHAs C HEKOTOPOro, OoJiblle
COOTBETCTBYIOIIMX WICHOB psifa (4), To psan (3) pacxoauTcs.

(e 0] 6]
Teopema 2. JIa psapa > U, u >V, OZHOBPEMEHHO CXOAATCS UM PACXOASTCH,
n=1 n=1

ecnu otHomeHue Un:Vy, mpu N —> 00 cTpeMUTCs K KOHEUHOMY U OTJIMYHOMY OT
HYJIS IpEEIy.

ITpusnak JlanambGepa.




ECHI/I YJICHBI pﬂI[a 3HAKOITOJIOKHUTCJIBHBI U
. U

lim =" =k o

N—»00 n

npu K<1 psin cxoqures, a mpu K>1 pacxomurcs.
Ecim k=1, To 3akimoueHWe O CXOAMMOCTH psia CAeliaTh Helb3s. TpeOyroTcs
JOTIOJIHUTENBHBIE YCIIOBHS.

PagnkanpHbIN npusHak Komm.

Ecnu uiensl psaa monoxurtenbHel U lim ¥V, =k, To npu k<l psng cxomutcs, a
n—-»oo

npu k>1 pacxomutcs. [Ipu k=1 TpeOyroTcst JONOTHUTEIBHBIE UCCIICOBAHUS.
3amevanue. [lpu wWccineOBaHUM CXOAMMOCTH psiia TMPHMEHEHHE TpU3HAKa
Jlamambepa okaspIBaeTCs MPAKTHUECKU Oosiee MpOCThIM, yeM npusHak Komm. Ho
panukanbHbIi npusHak Komm Gonee cuimbHbIN, yeM npusHak [anmambepa (oH pexe
JaeT B oTBeTE 1).

Murerpanpubiii npu3Hak Komiw.

Eciu ¢yukuus f(X) HenpepblBHa, MOHOTOHHO YOBIBAaCT M IOJIOKHUTEIbHA IS
X=a, TO pin

F(1)+f(2)+f(3)+...+f(n)+...

CXOJIUTCSI, €CJIM CXOAUTCS HECOOCTBEHHBIN MHTErpal

(e 0]

[f(x)dx, T.e. OH HMeeT KOHEYHOE 3HAYCHHE W PSI PACXOIUTCS, €CIH ITOT
a

WHTETPaJl PaBEH 0.

3ameuanue. HWuTerpanbHblii npu3Hak Kommm Mo3BOJIsIET cAenaTh BBIBOJ O
CXOJIUMOCTH psima, Korma mnpusHaku JlamambGepa u  Komm  oxa3biBaroTcs
O€eCCIILHBIMH.

Tem He MeHee Ha NPAKTUKE IPUMEHEHHE HWHTETPAJIBHOIO IIPU3HAKA YaCTO
BBI3BIBACT 3aTPYAHEHUS, CBI3aHHBIE C BEIUUCICHUEM HECOOCTBEHHOTO MHTErpaa.

3HaKOYEPEAYIOUIUECS PSIbL.

Omnpenenenue. Psa Ha3bIBaeTCs 3HAKOUEPEIYIOIIUMCS, €CIIU JBa €T0 COCETHUX
YJieHa UIMEIOT MPOTHUBOIIOJIOXKHBIE 3HaKU. VccnenoBanue cxoqumoctu
3HAKOYEPEIYIOIIUXCs PsIOB MPOBOJUTCS HA OCHOBAHUHU Teopembl JIeliOHuIa.
Teopema. 3HakouepeayOIIHICs psi cxonuTes, eciu: 1) Ero wiens! yObIBaoT 1Mo
aOCOJIIOTHOM BEJIMYMHE U 2) €ro OOIIMI YiIeH CTPEMUTCS K HYJIO [P N —> 00 .
OnpeneneHue. 3HAKOUEPEAYIOIIMICS psiJl HA3bIBAETCS A0COIIOTHO CXOASMIIMMCS
€CJIM CXOJIUTCS PSJl, COCTABIIEHHBIN U3 a0COIOTHBIX BEJIMYMH €r0 YJICHOB.

Ecnu e psig 3 abCOMOTHBIX BETUYHUH PACXOIUTCS, TO 3HAKOUEPEAYIOIIUNCS PSIT
CXOJUTCS YCIIOBHO.

OneHka ocTaTka 3HaKO4YepeayIOIIerocs psajaa.

Jns 3HaKOYEepeayIOIIerocs psjia, yAOBIETBOPsIIOIIEro TeopeMe JIeiOnua,
oHIMOKa MPUOJIMKEHHOIO PaBEHCTBA S~ S, BEJET 10 a0COIIOTHOM BENUYHHE

MEHBIIIC [IEPBOTO OTOPOLIEHHOro wieHa R, ;| < U 4, rae



Rn:Un+1+Un+2+...
OcTtatok 3TOro pAda UMECT 3HAK CBOCTO IICPBOI'0 YiICHA Un+1.

CreneHHOM psj. Pagnyc cXOaMMOCTH.

CTeneHHoM psj UMEET BUJT

ay + @ X +a,X% +..+a X" +... (5)

rjie an-KoduimeHT creneHHoro psaa. CXxoauMOoCTh CTETIEHHOTO Psiia 3aBUCUT OT
BCJIUYHUHBI X.

Teopema AGens. Ecinu ctenenHoi psj (5) cX0AUTCs TP HEKOTOPOM 3HAUYCHUH
X=Xo, TO OH CXOJIUTCS, U PUTOM a0COITIOTHO MIPU BCEX 3HAUCHUSIX ‘X‘ < ‘Xo‘ . Ecan

CTCIICHHOM pAO pacXoaguTCs IPHU X=Xp, TO OH PACXOJUTCS U IIPHU BCEX ‘X‘ > ‘XO‘ .

Onpenenenue. MTHTEpBaIOM CXOJIMMOCTH CTEIIEHHOTO psiJia HA3bIBAETCS UHTEPBAII
(-R, R) Takoit, 4To 1151 BCIKOH TOYKH X, KOTOpas JISKUT BHYTPH 3TOI'0 HHTEPBAJIa,
PSAI CXOIUTCS, U K TOMY K€ a0COIIOTHO, a JUIsl TOYEK X, JIEXKAIIUX BHE €T0, P
pPacxXoauTCA.

Yucno R Ha3pIBaeTCs paguycoM CXOAUMOCTH.

Pannyc cXoaMMOCTH CTEMEHHOTO pssia (5) MOKHO ONPEACIIUTh Y€PEe3 €ro

KO3 PULIEHTBI

R = lim |-2n (6)
N—ldn g
NN
1
R=——~ . 7
lim Y/a, ")
N—o0

Panunyc Moxet ObITh paBeH 0, €ciii HHTEPBa CXOAUMOCTH BBIPOKIAETCS B TOUKY,
R =00, eciu psii CXOAUTCSA HA BCEW YMCIOBOM OCH.

Crnenyer Takke UcciaeAoBaTh CXOAUMOCTD psifia Ha KOHI[aX UHTEpBaja, T.e. IpH

X ==xR. dns psgos Buna (8), (9) u (10)

ap +ax +ax’ +..+tax" T+ (8)
ap +ax? +axt +..+ax" +... (9)
ay+a (X —A) +a,(X—A)2 +..+a,(Xx—A)" +... (10)
MHTEpBaJl CXOAUMOCTH HAXOAUTCS 1o npusHaky Janambepa,

lim |20+ < (11)
n—oo

n
Paznoxenue ¢pynkuuu B psag Teitnnopa u Makiiopena.
Psagom Tetinopa dynkiuu f(X), koTopas onpeiencHa B OKPECTHOCTH TOUKH Xo M B

ATOM TOUKE MMEET KOHCUHBIC IMPOU3BOIHBIC JTFOOOT0 MOpsIIKa, HA3bIBACTCS
CTETICHHOM Pl



f(x)=1(xg) +f'(xo)(x— Xo) + f"(;o) (x— x0)2 +oo+

LAOP00) gy
(n-1)!
Ecau B popmyne (12) HOJIO)KI/ITB X0=0, To mosyuutcs psg MakiaopeHa

+... (12)

f(x) =f(xo) +f (O)x+——~ () X% +... %x”a.. (13)

[Tomeraem aIs CIpaBoK pasnokeHus GyHkmuii £, sinX, cosx, In(1+X) u (1+x)™ B
psa Maxkiiopena

2 3 n
s W A N +X—+ (14)
21 3! n!
x-11000¢€
3 5 2n+1
SINX =X — >+ 5 (D) (15)
31 5 (2n +1)!
x-11000¢€
2 4 2n
cosx:l—x—+x——...+(—1)” AN (16)
2! 41 (2n)!
x-11000¢€
2 3 n
I(1+%) =X -~ + X ()X (17)
21 3! n
-1<x<1
(1+x)m=1+mx+WX2+...+
+m(m—1)...(m—(n—1)m)+ (18)

n!
-1<x<1
Paznarats B psaabl Telsiopa 1 MakiiopeHa MOKHO HEITOCPEICTBEHHO U UCIIOJIb3YS
u3BecTHbIE pa3MHOkeHUs (14-18). [Ipumepsl paznoKeHus: MPUBEACHBI HIXKE.

[Tpumep 1. Halitu cymmy psiaa.
JlokazaTh CXOAMMOCTB Psiia, MOJIb3YSICh HEMIOCPEACTBEHHO ONPEAEIEHUEM
CXOJIUMOCTH.

® 1
> :
n=1N(n+1)(n+2)
[IpeacraBum obmuii wieH psaa U, B BUae CyMMbI IPOCTEHTITNX ApoOei
1 A B C

nn+D)(+2) n n+l n+2

YMHOXKas1 Ha 3HAMEHATEIb JIEBOW YaCTH, IIPUIAEM K TOXKIECTBY
1=A(n+1)(n+2) + Bn(n+2) + Cn(n+1).



ITomaras nocienoBarenbHo N =0, -1, -2 HaxoauM

n=0 1=2A, A:%
=-1 =-B, =-1
=-2 1=2C, :1
2
Takum oOpazom
11 1 1 1
Un:—-—_ +_.
2 n n+l 2 n+2
NnJiIn
1,1 2 1
U =-(——+—").
" 2(n n+1 n+2)
Otcrona
1 2 1
U =-01-—-+=
1 2( 5 3)
1.1 2
U, ==(>-——-+=
2=5G5+7)
1.1 1
Us=—(=—-——+=
5=5G 570
1 2 1 1 2 1 2 1 1 2 1 1
Sp==(@Q-—=+=4+=—=+=+=——+= —— 4= =
2 2 3 2 3 4 3 4 5 n-1 n n+l1 n+2
1.1 1 1
22 n+l n+2
1.1 1 1 1
im S, = lim =(=-— +—)=".
nlinoo n nlinoo2(2 n+1 n+2) 4

.1
CrnenoBatesbHO, psIl CXOAUTCA U UMEET CyMMOM r

[Tpumep 2. MccnenoBath Ha CXOIUMOCTD PSIIT 1.4-7..Gn-2) .

n=1 2n+l -n!
[Tpumenum nmpusHak Jlanambepa
1-4-7...3n-2) | 1-4-7...83n—2)(3n+1)
Un= n+1 o Unn= n+1
27 -n! 2" (n+1)!




Upa i 1.-4.7...3n-2)3n+1)-2""nl  3n+1

lim im = lim =
nowo Uy now 2"2.(n+DFL-4-7..80=2)  now2n+2
3+1 3
= lim —2=>>1.
ﬂ—)002+g 2
n

Tak kak mpezen paBeH > >1, TO 3TOT psii paCXOIUTCA.

[Ipumep 3. MccemenoBaTh Ha CXOUMOCTD PSAIT . M
n-1 10n+9
3HAKOYEPEAYIOIIHICS.
UsneHsl psia 1o abCoMOTHOMN BEIMUMHE YOBIBAIOT
2 3 4 5
—>—>—>—>
19 29 39 49
1
i n+1 i 1+ﬁ I
15 10n+9 bk 9 100
n

Teopema JleitOHuUIA 11 AAHHOTO Psifia HE BHITIOIHSACTCS, 3HAYUT JaHHBIN psif
pacxoauTcs.

HpI/IMep_ 4. VccnenoBaTh Ha aOCOFOTHYIO CXOIUMOCTD PSiJT

1
z n+1
(-1) Gn_1?
qJ’IeHBI JTAHHOTO psiJia M0 a0COJIIOTHON BEJIMUMHE YOBIBAIOT.
101 1 1
22 52 8% 11°
1 1
lim U, = lim ()" ———===0
n—oo " n—>oo( ) (3n—1)2 o0

CrnemoBatenbHO, JAHHBIN P CXOIUTCS IO Teopeme JIehonua.
UToO0BI pemuTh BOMpOC 00 aOCOMOTHON CXOJUMOCTH 3TOTO Psifia, COCTABUM Pl U3
a0COJIFOTHBIX BEJIMYHH €TI0 YJICHOB.

1
[Tomyuum Z —
n= 1(3n 1)
[Ipumennm uHTETrpabHbIN Npu3Hak Komm
© dx b dx 1 "1 1 1
i = =i -2t =2 lim o —2) =

1(3x —1)° b—>oo;|_(3X 1)? bow 3 3x-1; 3pse 3b-1 2° 6
HUnt crpall CXO0aAUTCA, IOOTOMY CXOIUTCS PAd U3 a0COJIIOTHBIX BEJIWYMH.
3HAYUT, 3aJJaHHBIN P CXOUTCSI AOCOIOTHO.



o 1
ITpumep 5. MccnenoBars Ha CXOAUMOCTD P . arctg—z.

n=1 n-+
[IpumMeHnM TIpU3HAK CPAaBHEHUS PSIAOB.

o0

Jlns1 cpaBHEHUST BO3BMEM PSIT .

KOTOPBI PACXOJUTCS, KaK 4acTh

o 0]
HN3BCCTHOI'O pacxoaAgIerocsa rapMOHUYCCKOro psaaa Z —.
1 1
arctg > ,
nN+2 n+2

SHAYHUT 110 TCOPCMC CPAaBHCHU:A PAIOB I[&HHI)II?I PO TOKE PACXOOUTCA.

® 3+2n
[Tpumep 6. MccnenoBaTh Ha CXOQUMOCTD psit ., ( .

n=1 n+1

4"

[Ipumenum paaukanbHbi Mpu3Hak Komm
2

o 3ven N (4@en+3)) . (8n+12)"
lim 7 - A4l =lm|———| =lm|———| =

n—oo +1 N— o n+1 nowo\ N+1
n
8+E
= lim N | =8"=w0>1.
Nn—oo 1+1

n
3Ha4YUT, TaHHBIN P PACXOAUTCA.

x n
IIpumep 7. MccnenoBats Ha CXOAUMOCTD Psia D, 2 nn’
n=1\N"—1JInN

CHauasia cpaBHUM PSbI
n n 1

2 Z 2 nn '
b —ﬂhn n“lnn ninn

o0
Uccnenyem psag Y. :
n=2NnInn

[IpumeHnnm uHTErpaibHbIN Npu3HaKk Komm K aTomy psaay:

© dn 2d(Inn

| =j( )=MMM§=w—mm2=w.
oninn 5 Inn

n . © 1
Taxk xak 5 > , TO JTAHHBIN PSAJT PACXOJUTCS TaK K€, KaK . .
m —ﬂmn ninn n—2nlnn
© nd o
[Tpumep 8. HaliT 0611acTh CXOIUMOCTH CTETICHHOTO psijga . —2X .
n=1 N+

Haninem pagnyc cxogumocTu



n(n+3) _n+3 n

R = i = fim =, -1,
nHLm+2m¥Hﬁ nﬂLn+2gﬂLm+if
1 1

Tak kak R = 1, 1o psig cxogures B mpomexytke (-1; 1).
[IpoBepHUM KOHIIBI 3TOTO MPOMEXKYTKA.

o0 n 3
(-1): MOACTAaBUM B JAHHEIH PSI, TIOMydHM P . (— 1) n__
n=1 n+ 2
3HAKOUYEPEAYFOLIUNCS.
Hccnenyem ero mo teopeme JlelOHuIa.
1 8 27
1) =<—<—
3 5
3
1 1
2) lim —— = lim =—=o0.
n—owo N+ 2 n—>ooi+£
n? n®

Hu OIHO YCJIOBHC TCOPCMEI Heﬁ6HHHa HC BBIIIOJIHACTC:A, 3HAYUT PAI
PacxoauTcC:. 3HauuT X = -1 He BXOOUT B HHTCTPAJl CXOOUMOCTH.
© nd
(+1): moacTaBUM B JAHHBIN s, TOTYUYUM ), ——
n=1 n-+ 2
ITo HGO6XOIII/IMOMy IMPpU3HAKY CXOOAUMOCTH OTOT pPALd paCXOdUTCA, T.K.

n3

lim ——=oo.
n—>oon+2

3Hauut psg cxoautes npu —1 < X < 1.

e (x-1)

[Ipumep 9. Hailitu 06;1aCTh CXOIUMOCTH CTEIIEHHOTO PsiJia Z

212" (n+3)
[Tpumenum nmpuzHak Jlanamb6epa
_ vl (k=12 n+3‘ V § n+3_[x-1
1 _ 1.
HITOO Un nlﬁnoo 2n+1 n—|—4 X 1n ‘ n+4 2 <
—‘X _” <1;
2
x-1<2;
2<x-1<2;
-1<x<3

[IpoBeprM KOHIIBI 3TOr0 HHTEPBAja

1-1)" = (-1)"-2" = (1)
ay § 00 g (2 ¢ ()
n12(n+3)lh12(n+3) s N+3
DTOT psAll cXoauTcs o TeopeMe JlelOHua, T.K.




00 (3 1) 00
3 :
(+3) nzlz (n+3) n§12”(n+3) n-1N+3

»1
[Tony4yeHHBIN psiJl paCXOAUTCA, KaK YaCTh TAPMOHHYECKOTO psAsia Y, — . 3HAUUT

n=1 n
I/IHTCpBaH CXOOAUMOCTHU —l X< 3

ITpumep 10. TTonb3ysicb OCHOBHBIMH Pa3JI0KEHUSAMHU, HAICATh Pa3I0kKEHHUE B
CTeTeHHO psan (psa Makiopena) GyHkun Y =1+ X .

[TpumennM OMHOMHHAIBHYIO (pOpMYyITY.
1+x)" =1+ mx+—m(m _1)x2 Fot m(m-1)...(m—n +l)x” +
1.2 1-2...n
dopmyna BepHa JIJIsl BCEX X, YJIOBIECTBOPAIONIUX ycioBuwo —1 < X < 1.

1
Tak kak V1+x =(1+x)2,To m :%.

o,
1+x=1+%x+Lx2+2 2 2 Jy3y

Tornpa

1.2 1.2-3
2\ 2 2 2 4
+ X +...
1.2.3.4

[Tocrne ynpoueHus: noayaum
rx=14ix-tyz 13 y3 135 4
2 24 2-4.-6 2-4-6-8
+(e1) 1-3-5...(2n—1)xn .
2-4-6..2n
DT0 pazyioxkeHrue BepHo B —1 < X < 1, Tak ke Kak U OMHOMHUHAJILHOE Pa3JI0KECHUE.

[Tpumep 11. Paznoxuts B psaa Teitnopa B OKpECTHOCTH TOUKH Xg = 3 PYHKIUIO

1

y="—.
X

Banurem psia Ternopa it dyakaun f(X).

f(X)=f(Xo)+@(X—XO)+ f”(z)jo)(x—xo)2 +...+—fn_1(X°)(x—xo)”‘l +o

Haiinem npousBogHbIE OT PYHKIIUU Y = —
X



y= % y@d) =7
y’=—Xi2 y’(3)=—3i2

IToncraBum B psax Tewnnopa
11 x-g)+
X 3 3.1
[Toce mpeoOpazoBaHUs MOTYIUM
1 1 x-3 (x—3)2 (x-3)° a1 (x =3
— 5  RmEi— +...+(—1) — 4
X 3 3 3 3 3"
Haiinem unTEepBan CX0AUMOCTHU MOIYyYeHHOTO psfa. [IpumeHnm npusHak
Janam6Gepa.

(x=3) =23 (x—3f +...

33.21 3%.3

"”1‘3n+1 ‘ \x 3<1;
V—J<3,
-3<Xx-3<3;
0<x<6.

I/ICCHGI[YGM KOHIBI 3TOI'O I/IHTepBaHa. HO,Z[CTEIBI/IM X = 0 B IIaHHLIﬁ pr,[[, HOJ'Iy‘-II/IM
1 3 3 3 1 1 1
—+—2+—3+—4+...:—+—+—+...

3 3 3 3 3 3 3

JaHHbIA pax pacxoaurces, T.K. y Hero lim U, = % #0.
nN—o0
HccnenyeM Touky X = 6.
1 3.3 8 1111,
—— =t ——+..=———F+=—=
3 2 @ g T3 373 3"
JlaHHBIN psiJT PACXOUTCS, KaK KOJCOTIOIIUICS PSI.

. 1
3HauuT, OJIYYCHHOE pa3iokeHue B psfn Teinopa GyHKIMU Y = — B
X

OKPECTHOCTHU TOYKH Xo = 3 crpaBeyinBo B (0; 6).

1
sin X
[Ipumep 12. Beraucauts | dx ¢ tounoctsio 0,001. 3BecTHO, UTO
0o X
x> x> x’

snx=1-——+—-—+
357

Torz[a, pasaciiiB NOYICHHO HaA X, IMOJIYYUM, YTO



2 4 6

smx . X° X' X
X 3! 5! 7!
2 4 6
f—d —f 1222 X k=
X 0 357

1

X3 X5 X7 X9
=Xt e

3.3t 5.5 7.7 9.9

1 1 1 1

=1- + — + —---=1-0,0555+0,0016 —0,00003 = 0,946
3.3t 5.58 7.7 9.9

[Ipu BeIUKCIEHUN UHTETPajia Mbl B35JIM TOJIBKO 3 WjieHa psAla, T.K. Y4eTBEPTHIN WICH
0,00003<0,001 ToyHOCTH, C KOTOPOIl TPEOYETCS BBIYUCIUTD.

0

[Tpumep 13. Beruucnuts onpeaeneHHblid HHTErpai ¢ To4HOCTHIO 10 0,001

1 1

= (1 + X4) 2
1+x*

Pa3noxxum noauHTErpagbHy0 (GYHKIMIO B CTEIIEHHON PSil, UCIIOJIB3YS

m(m—l)xz N m(m—-1)m-2) ;
2!

X~ +-++ y Hac x~x*,

pasnoxenue (1+x)™ =1+mx +

1
m=- > TOrJa MOJIy4YUM

4
X+13 813512+135716

2 22.7 23 .3 24 .41
HOI[CTaBI/IM HOJ'IyLIeHHOG pasnoxceHHe 1101 3HAK I/IHTeraJ'Ia

1

3 4 : 3. 3.5.

f[l—X—-F 1-3 X8—1 3 5X12+1 3-5 7X16+°°'JGX=
0

2 22 23.3 24 .4

x> 1-3x° 1.3-5x7 1.3.5.7x"
t 2 53 T3 +

5.2 22.219 23.3113  2%.4117

1 1 1-3 135

=—— + +
3 3.5.2 27.219.3° 2°.313%.13
~ 0,3333 -0,0004 + 0,00002 ~ 0,333
T.K. 0,000)4<00,001, mo3TOMy BTOPOM WJIEH psijila MOXKHO OTOPOCHUTb.

=X —




TEOPUSA BEPOATHOCTHU

KomOunaropuka

Pa3smenieHus — KoMOMHAIMK, COCTaBJIeHHbIE U3 N pa3InyHbIX 3JIEMEHTOB 110
N 2JeMEeHTaM, KOTOpbIE OTJIMYAIOTCS JUOO COCTaBOM JJIEMEHTOB, JHOO HUX
nopsakoM. Unciio Bcex pa3ianuyHbIX pa3merieHnil u3 N 351eMeHTOB 1o N 35ieMeHTaM
pPaBHO:

N!

n _

(AN)6e3 noem. (N —n)!’
Yuciio pa3MeleHnii ¢ MOBTOPEHUSAMMU:
n

n
(AN )c noem.
HCDCCT&HOBKH — KOM6I/IHaHI/II/I, COCTOoAIIIME HN3 OJHUX H TEX IKC N
Pa3INYHBIX 3JICMCHTOB M OTIIHYAIOMIUCCA TOJIBKO ITOPAAKOM HX PACIIOJIOKCHHA.
I[pyrI/IMI/I CJIOBaMH, IICPCCTAHOBKAMU M3 N 2/1eMeHTOB Ha3bIBaE€TCS Pa3MCIICHUC
mpu N = N. Yucno Bcex nepectaHoBOK U3 N 37€MEHTOB:

(PN )663 noem. N

Yucno IICPCCTAaHOBOK C IIOBTOPCHUAMM:
N

— AN — .

(PN )c noem.
Coueranus — KOM6I/IHaI_[I/II/I, cocrtasiieHHbIe 3 N Pa3JINYHbIX 3JICMCHTOB II0 n
9JICMCHTAM, KOTOPBLIC OTIHUYAIOTCA XOT:A OBl OJHUM 3JJIECMCHTOM. Yucio Bcex
couetanuit u3 N mo n paBHo:
no_ N!
N a(N-n)"

Cayuaiinbie COOBITHS

CoObITHE, KOTOPOE€ MOMKET TMPOU30MTH, a MOXKET M HE MPOU30MTH,
Ha3bIBAETCS CIydalHbIM COObITHEM. Eciii MOXeT Npou30MTH H coObiTHE A, U
cobbiTre B, TO cOObITHSI yMHOXaIOTCst AB, ecii pouCXOaUT Uil COOBITHE A, WU
coOrITHE B, TO cCOOBITHS cKnanbiBaroTes A + B.

AKCHOMaTHYECKOE OMNpENEICHUE BEPOSTHOCTH : uucioBas ¢GyHkuus P,
olpesiefieHHasl Ha Kjlacce COOBITUH S, Ha3bIBaeTCsl BEPOATHOCTHIO, €CIIM BEPHBI
aKCHOMBI:

Al) S —anrebpa coObITHIA,

A2) akcuoma HeoTpunarenbHoctu P(A) > 0 VAEeS,

A3) akcuoma HOpMmupoBaHHOcTH P(Q) = 1, QO - IpoCTPaHCTBO AJIEMEHTAPHBIX
COOBITHIA,

A4) akcuoma koHeuyHO#l amautuBHOCTH P(A+B) = P(A) + P(B), ecnu A u B
HECOBMeECTHEHI (T.€. ANB = ),



AS5) akcumoma HenpepbhIBHOCTH : V{An}, A1DAD... DAD..., Ay € S,
n

D8
N
I
Q

UMEET MECTO
lim P(4 )=0.
n—> o

AKCHOMaTHYECKOE ONpPENEICHUE BEPOATHOCTU MPEIJIOKEHO AaKaJIEMHUKOM
A.H. KonmoropossiM B 1933 rony.

CaoiicTBa BEpOATHOCTH (cleaytoT u3 A2 no A4).
1. BepossiTHOCTh IPOTUBOMOJIOKHOTO COOBITHS

P(A)=1-P(4).

2. BeposATHOCTh HEBO3MOXKHOTO COOBITHS
P(©) = 0.
3.Eciu A < B, To P(B—A) =P(B) -P(A) u P(A) < P(B).
4. Ins xaxpaoro ciaydaiiHoro coositus 0 < P(A) < 1.
5. Teopema cnoxkeHusi ABYX MPOU3BOJIBHBIX coObITHII P(A+B) = P(A) + P(B) —
P(AB), To xe
st Tpex coowithii: P(A+B+C)=P(A)+P(B)+P(C)-P(AB)-P(AC)-P(BC)+P(ABC).

\%||’ )

rJe ‘A| - YHCJIO AJIEMEHTAPHBIX COOBITUH, BXOIAIINX B COOBITHE A,

Kinaccuueckoe onpeneneHrue BEpOITHOCTH ©: P(A) =

Q| - omiee YKMCTO 2MEMEHTAPHEIX COOBITHI.

®opmyna (1) copaBeniuBa, €CIM MHOXKECTBO SJIEMEHTapHBIX COOBITUMN
KOHEYHO, a DJIEMCHTApHBIE COOBITHS PaBHOBEPOSTHEI.

['eoMeTpudecKoe OnpeeICHHE BEPOSITHOCTH
mA

P(4) = e
(2)
rae MA - Mepa MHOXKECTBA A;
mQ - mepa MHOXecTBa €.
B kadecTtBe Mepbl OOBIYHO TMPUHUMAIOT ISl OJJHOMEPHBIX MHOXKECTB —
JUTUHY, U711 IBYMEPHBIX — IUIOMIAh, AJISI TPEXMEPHBIX — 00BEM.
®opmyna (2) crpaBemsiviBa, KOTJIa MHOXECTBO DSJIEMEHTApHBIX COOBITUI
OECKOHEUYHO, a TOUKa paBHOMEPHO pachpeiesieHa Ha MHOXKecTBe (2.
VYcnoBHOM BEpPOATHOCTHIO COOBITHS B mpu ycioBuM, 4YTO MPOU3OILIO
coObITHE A, Ha3BIBACTCS:
P(B| 4) = P(AB)
P(4)
JIBa coObITHst A 1 B He3aBUCHMBI, eCTu
P(B|A)=P(B) ,ecnu P(A)#0
W
P(A| B)=P(A), ecnii P(B)#0.

,P(A)#0.



VYcnoBrue HE3aBUCHMOCTH COOBITHI yAOOHO 3alMChIBATh B CHUMMETPHYHOM
BUJIE:
P(AB) = P(A)P(B).
Teopema npou3BeieHUS BEPOSITHOCTEN
P(AB) =P(A) P(B|A).

To ke niisa Tpex coObITUui
P(ABC) =P(A) P(B|A) P (C|AB) .
®opMyiia OJHON BEpOSATHOCTH: e€ciou A1, Az , ... , Ap — pa30OueHnus (T.e.
Ai1tAxt. . . +A=Q, A.AJ—@, Vi,j i#j)H P(A.)>O, T0V B

P(B) = Z P(A)P(BA).
k=1
dopmyna Baiieca: ecmu Az, Az, ..., An—pa3ouenus u P(A;) >0 Vi, P(B) >
0, To
P(A)P(B|A4,)

P(4, | B) =

2 P(A)P(B[A)
i=1

CiayyaiiHble BeJTMYUHbI

CayyaifHas BeIMYMHA — BEIMYMHA, PUHUMAIOIIAs T€ WM UHBIC 3HAUCHUS B
3aBUCUMOCTH OT chy4as. CiydaifHple BENIWYUHBI 0003HAYAIOTCS TPEUYECKUMU
OoykBamu &, M, C ... (B HEKOTOPBIX CIy4asx OOJBIIMMU JATUHCKUMHU OykBamu X,
Y, Z, ...) 3HaueHusi, KOTOpble MPUHUMAIOT CIy4yailHble BEJIMUYMHBI, 0003HAYAIOTCS
MaJIbIMU JIATHHCKUMU OyKBamM# X, Y, Z

OyHKIMEN pacpeeneHus CIy4ailHol BeTMUUHBI & Ha3bIBAeTCA (PYHKIUS:

Fe(x) = P(E<x).
Omna o6yagaeT caeayouMMi CBOMCTBAMHU:

1. Fe (X) — HeyObIBaromas GyHKIUS Ha (- 00,+ 00).
2. lim F.(x)=0.

x>0 ©
3.  lim Fg(x):l.

X —> +00

4. Fe(X) - menpepsiBHa cieBa: Fe(X-0) = Fg(X) .

3aKOH pacupeesieHHs CIy4ailHOM BEJIMUMHBI & HA3bIBACTCA JUCKPETHBIM, €CIIH
CYILIECTBYET KOHEYHOE WJIM CUYETHOE MHOXECTBO 3HAYEHUH Xi,X2,...,KOTOpPHIE
MOXKET HpI/IHI/IMaTI) Cily4aiiHasi BEJIMUYMHA, TaKUX, YTO:

Z PE=x)=1,

n=1
a CiydaiiHas BeJMYMHA, MMEKOIMAs JUCKPETHBIM 3aKOH pPACIpPENEIICHMUS,
Ha3bIBACTCA JUCKPETHOM CIIy4alHOM BEJIMYMHOM.
3aKOH pacrpeneneHusl Ciay4ailHOW BeIMYMHBI & Ha3bIBaeTcsi aOCOJIIOTHO
HEIMPEPBIBHBIM, €CJIM CYIIECTBYET HEOTPULATENIbHAS KYyCOYHO - HENpEpbhIBHAA



byHKIUS Pe (X), HaspiBaeMas IUIOTHOCTBIO pachpesesieHuss (BEpOosSTHOCTEH)
CITy4yallHOW BEJIMYMHBI §, TaKas, 4To:

F§ (x)= _}COO pég (x)dx,

a ciyyalHas BEJMYMHA, HWMEIOIMAas aO0COJMIOTHO  HENPEPBIBHBIA  3aKOH
pacnpeiesieHus, Ha3bIBaeTCsA a0COIFOTHO HEMPEPHIBHOM CIIyYalHOM BEJTMYNHOM.
B HekoTophix ciywasx (GyHKOHsS pacrpeneneHusi oboszHadaercs F(X), a
IUTOTHOCTH pactpenenenus - T (X).
[InoTHOCTH pacnpesneneHus o01anaeT CIEAYIOIMUMU CBOMCTBaAMHU:
1. Pe(X)=F;(X) B Toukax HENpepLIBHOCTH Pe(X);
2. pe(X) >0, VX;
+ o0

3. | pe(x)dx=1.
Co ©
BeposiTHOCTH COOBITHIA:
+ o0
PE2X)=1 - Fe(X)= [p,(x)dx
X

P(Xl <E< Xz)ng(Xz) - Fg(xl): J‘2p§ (x)dkx, (3)
M1
P(& =x)=F¢ (x+0)- Fz(x)=0.

[lepBoe paBeHCTBO B dopmyinax (3) crpaBeIuBO ISl JIFOOBIX CIIy4alHBIX
BEJIMYMH, BTOPOE PABEHCTBO - Uil AOCOJIOTHO HEMPEPBIBHBIX CIIyYailHBIX
BEJIMYMH.

MaremMaTH4eCKUM  OKHJIAHMEM  JUCKPETHOM  CIy4YallHOW  BEJIMYHHBI
Ha3bIBAETCS YNCJIIO:

o0
Mg =2 x Pc=x ),
n n
n=1
€clin psAl aOCOJIOTHO CXOAUTCS. MaTreMaTH4ecKuM OXXHMJIAHUEM a0COJIIOTHO
HEIPEPBIBHOM CIIyYallHOW BEJIMYHMHBI HA3bIBAETCS YHUCIIO:

+ o0
M= ] xp ¢ (x)dx,

CCJIM MHTCrpall a0COJIIOTHO CXOOUTCA.

CBoiicTBa MATEMAaTUYECKOTO OXKHIAHHSI:
. MC =C, eciu C - HecnyuaiiHas BeJIMYMHA.
M(CE) = CME.
. M(éligz) = M&li ME_,Q
. M(E1&2)=ME; - MEy, ecim &1, &, - He3aBUCHMBIE CITyYaliHbIC BETMYMHBI.

A w N P



Hucniepcueit DE ciyuaiinolt BenmumHbl & HasbBaeTrcs umciao DE=M(E -
ME)?,  ecnM  MareMaTHYeCKOE€  OKHMAAHME  CYIIECTBYeT.  Bennuuna
ce=,/DE HasbIBaeTCA CPEJHMM KBAJPATUYECKHM OTKIOHEHHEM.
JUJis BBIYMCTICHUS TUCIIEPCUN UCTIONB3YETCs popMmyIa:
DE=ME? - (ME)* .
CBolCTBa IUCIIEPCHU:

1. DE>0.

2. DC=0.

3. D(C&)=C2DE.

4. D(&1 £ &2)=DE;+ D&y, eciu &;,E, — HE3aBUCHMBL.
Hau6o.1ee BasKHbIE pacilipcacJCHudA

Juckpemnoie:

1. bBunomuansHoe pacnpeaeneHue. Cxema UCIBITaHUN, B KOTOPOW MPOU3BOAUTCS N
HE3aBUCHUMBIX HCIBITAHUM, KaXJ0€ M3 KOTOPBIX MOXKET HMMETh JBa MCXOJa:
«YCIIEX» C BEPOSITHOCTHIO P U «HEYy/aua» ¢ BEPOSATHOCTHIO ( = 1 — P, Ha3bIBaeTCs
cxemoil bepHymnu. BeposSTHOCTBIO COOBITHS, YTO TMPU N  HE3aBUCHUMBIX
UCIIBITAHUSIX TIO cxeMe bepHyiuu npous3oiieT paBHO k ycrnexoB, paBHa (dhopmyia
bepnynm):

P &=k =Ckpkg" K k=01..n. @)

3HaueHue k = ko, IpU KOTOPOM BEPOATHOCTH (4) NpUHUMAET HauOOJIbIIEEe
3HAQYCHUE, Ha3bIBACTCAd HAMBEPOSTHEUIIMM YHCIOM  «YCIIEXOB», KOTOPOE
ONPEAEIACTCS:
B [(n+1)p],eczzu (n+1)p — ne yenoe ,
o {(n+1)p—l,(n+l)p,eczzu (n+1)p—yenoe,
3J1€Ch [a] — O3HAYAET LEIYI0 YaCTh YUCIIA a.
Marematnueckoe oxunanue ME = np, aucnepeus DE = npg.

Teopema Ilyaccona. Ecnu B cxeme bepuymmu n — o u p — 0, Tak, yrto np =

ik A
Le(0,+0), To VK =0, 1,... lim Pn(é::k):—'e .
n— o k!

JlokanbHas Teopema Myaspa-Jlanmaca. Ecnu B8 cxeme bepaymm n—o,0<p <1, p

k —
- IOCTOSIHHAS BEJIMYMHA, X = L OrpaHU4eHa, TO:

npq
1
P (=k)= P(x),
NV npq
— x2 /2

1
rae o(x) = me )
HNuterpanbHas Teopema Myaspa - Jlamaca. Eciu 0 < p < 1 U P - HOCTOSIHHO, TO
pu N—»o0;
Pn(kl < é < kz)zq)(Xg) - CD(Xl) ,




X
V27 g
_W7 _W7
VW’ N npq
Oynkiun @(X) u D(X) 3aradynupoBaHbl, W TaOJIUIBI €CTh BO MHOTHX
y4eOHHKaxX M0 TeOpHH BeposTHOCTe. OHAKO 3/1eCh HAJ0 3HaTh, 4To eciu X < 0,
TO HY>KHO BOCIOJIB30BAaThCS YEeTHOCTBIO ((-X)=((X) pyHKIMHI ©(X) U HEUSTHOCTHIO

d(-x) = -O(X) byakun O(X). Ecau X >5, To npuHUMaOT ¢ OOJBIIONH CTCICHBIO
tounoctu P(X)=0,5.

2
x/2w;

rne &(x)=—|e

2. 'eomeTpudeckoe pacnpezenenue. Eciu IIPOU3BOJIATCS HE3aBHCHMBIE
UCIIBITAHUS, B KAKIOM M3 KOTOPBIX BO3MOXHBI JIBA HCXOJA - «YCIEX» C
BEPOSITHOCTBIO ) UM «HEY/aya» C BEPOSATHOCTBHIO ( = 1-p, TO BEpPOATHOCTH, YTO
OyZAeT MPOU3BEACHO k HCIBITAHUN J0 NEPBOIO MOSIBICHUSA «yclexa» OyJeT paBHa!

-1
Pe=k)=¢""1p.
3. I'mnepreomerpuueckoe pacopenenenue. I[lycte B ypue N mapos, u3 Hux K

oenbix, N- K uepubix. Haynauy u3 ypHsl B3sT0 N mapoB. Toraa BEpOATHOCTb TOTO,
YTO CpeAr HUX OYJIEeT pOBHO k OEJbIX MIApOB, paBHA:

k ~n—k
c,C
pE=k)=—K N-K
CN
4. Pactipenenenue [lyaccona ¢ nmapamerpom A>0
k
A

PE=k="rc A k=ol,.

MaTeMaTquCKoe oxxunanue ME = A, nucniepcusi D € = A.
Pacnpenenennem I[lyaccona onucheiBaeTCsl MPOCTEUIIINM MOTOK COOBITHH.

Abconrwomno nenpepuviénvle 3aKOHbBL PACNPEOeIeHUA.
1. HopmanbsHOE pacupeielieHre ¢ mapamerpamu a, ¢ > 0

~(x-a)’
1 262
pelx)=——ce
f() o~N2rm
Maremarnueckoe oxumanne ME = a, aucnepeus DE = o2 BepoarHocTb
TIOTIaTaHMSl B 33JJaHHBIN HHTEPBAJT:

P(xl<§<x2)=P(x13§3x2)=@(x2;aj—@(xl_aj. (5)

o

HpaBI/IJIO «TPEX CUTM»
P& — M¢| < 30)=20(3) ~ 0,9973.

2. TlokazaTenapHOE pacupeesieHue ¢ mapamerpom A >0

0,x<0
Pé(x): ﬂe_ﬂx

,x=>0.



MaremaTuueckoe oxuaanue ME = 1/A, nucnepeus DE = 1/)2,
3. PaBHOMepHOE pacnpe/ieieHue:

1
pg(x)= b—a’x ela,b]
0,x ¢ [a,b].

(=

12

+b
Maremaruueckoe oxunanne ME = aT’ nucnepcus DE =

IIpumepsl penieHus 3a1a4

3aoaua 1.

UeMy paBHSETCS BEPOATHOCTH OTKPBHITH C MEPBOr0 paza aBTOMATUYECKYIO
Kamepy XpaHEHHUs?
Pewenue.

[Iycth coObiTHE A - OTKpBITHE KaMmepbl XpaHEHUss C NEpPBOro pasa.
Bocnonb3yemcsi KJIacCUUYECKUM OIpEAeICHUEM BEPOSTHOCTH, T.K. HAOOp H000r0

|4l

HoMepa ot A000 1o K999 paBHOBepOsTEH: P(A) = H
e |Al=1, T. K. CyIIECTBYeT CIWHCTBEHHBIH HOMEp, OTKPBIBAIOIIUN Kamepy
XpaHEeHus,

|Q| = (A140)CH0BT. =104-
Omeem. P(A)=0,0001.

3adaua 2.
B smuke 30 neranedt, cpenu koTopeix 27 peraneit He OpakoBanHbX. B OTK
Hay/lady Wu3BJIeKaloT 5 neraneil. HallTu BeposTHOCTh, 4TO Opak He OyneT

OoOHapy>KeH.
Pewenue.
CoOrbiTHE A - Opak He OyneT oOHapyxkeH. OMATh UCTIOJIb3YEeM KJIACCUYECKOE
A
OIpEaCIICHUC BEPOSATHOCTH: P(4) = H

27
rae |A|:C§7 =ﬁ—qncno, IMOKa3bIBAIOIIEE, CKOJIBKHMH CII0OCOOAMH MOKHO

30!
51251
YHCJI0, MOKa3kIBAIOIIEe, CKOJILKUMHU CITOCO0AMU MOKHO JTIOCTATh JIIOOKIE 5 JeTajien
n3 30 meranen.

P(4) = 27125! _ 25-24-23 _
221300 30-29-28
Omeem: 0,567.

nocrath W3 27 HEOpaKOBaHHBIX 5 HEOPAaKOBAHHBIX AeTaleil; |[Q=C; =

0,567.



3ameuanue. YuuteiBas, 4to0 C; =1, UCKOMYIO BEPOSTHOCTh MOXKHO 3alHCaTh B

BUJIE:
5 0

Py = L5 = P =)

5
30

IIpu 5TOM cnyqaﬁHaﬂ BCJINYHHA & HMCECT T'HIICPIrecOMETPHUUCCKOC PACIIPCACIICHUC.

3adaua 3 (3adaua o ecmpeue).

JIBa cTylneHTa YyCIOBWIHCH BCTPETUThCA B OuOnMorexke mexay 16 u 17
yacamu. [Ipuimeammii nmepBbIM KAET APYroro B TEYEHHH IOJy4aca, MOCie Yero
yxoauT. YeMy paBHA BEpOSITHOCTb MX BCTPEUM, €CIIM PABHOBEPOATEH MX MPUXOJ B
1100011 MOMEHT BpEMEHHU B T€UEHUU Yaca.

Pewenue.
Tak kak MpUXOJ CTYJCHTOB B TEUCHUU Yaca PABHOBEPOSITEH, TO MPUMEHUM
F€OMETPUYECKOE ONPEICICHNE BEPOSITHOCTH

P(4) mA
mQ
N
y
mA
17 /
Jac 7
16 yac - ’
30 MuH. /
Y //
= S
16 | rd X
Hac 16 X 16 yac 17
yac 30 muH. yac

Puc. 1. K 3agaue o BcTpeue.

[TycTh X — BpeMs puxoja MepBOTO CTYJICHTa, Y — BpeMsl PUX0Jia BTOPOTO
crtynedTta. Ecnu Touka (X,y) momaja B 3allITPUXOBaHHYIO 00iacTh (puc. 1), To
CTYJEHTBI BCTPETATCS, €CIM HET, TO OJAWH YHIET paHbIlle, YeM BTOPOU MPHUIET.
[TooToMy MA paBHO IUIONIAAM 3AIITPUXOBaHHOM obmactv: MA = 0,75 gac?, mQ
paBHa ruromany keagapara: mQ = 1 gac?. Torma

P(4)="4 _075.
mQ

Omeem: 0,75.

3aoaua 4.

Crynent Bolyunia 41 u3 50 BopocoB npeiaratoiuxcs Ha sk3amene. Haiitu
BEPOSATHOCTh TOTO, YTO OH OTBETUT BEPHO Ha 3 BONPOCA U MOIYYUT OTIUYHYIO
OlleHKY (coObITHE A), HE OTBETUT HU HAa OJMH BONPOC U TMOJYYUT
HEYJOBJICTBOPUTEILHYIO OIIEHKY (COOBITHE B).



Pewenue:
1) Ilyctb A1 — CTYACHT OTBEUaeT BEPHO Ha MEPBBI BOIPOC, Az — TO Ke, HO Ha
BTOPOM BOIPOC,
A3z — To ke, HO Ha Tpetuil Bompoc. OueBuaHO, 4TO A = A1 Ay Az, u0O CTylIEHT
JIOJKEH OTBETUTH BEPHO HA BCE TPH BOMPOCA.
[1o Teopeme yMHOKEHUSI BEPOSTHOCTEM:
P (A) =P (A1 As A3) =P (Al) P (A2 |A1) P (A3| A1 Az),
P (A1) = 41/50, P (A2 |A1) = 40/49, P (As| A1 Az) = 39/48.
P (A)=(41/50) - (40/49) - (39/48) = 0,544.
2) Ilycte Bj— cTyneHTt He oTBETHT Ha | — BIif Bonpoc, i = 1, 2, 3.
P (B) =P (B1 B2 B3) =P (B1) P (B2 [B1) P (B3| B1 B2) = 9/50 - 8/49 - 7/48 =
0,004.
Omeem: P(A) = 0,544, P(B) = 0,004.

3aodaua 5.

Tpu OXOTHMKA HE3aBUCUMO JAPYr OT Apyra OJHOBPEMEHHO CTPEJSAIOT MO
BOJIKY. BeposiTHOCTh momananus B L€Jb IEPBOro 0XOTHUKA paBHA 0,6, BTOporo —
0,7, tperbero — 0,8. Omnpeaenutb BEPOSTHOCTH TOTO, YTO BOJK OyAeT YOUT
(coObiTHe A), BoNK OynmeT yOUT, HO IIKypa OyaeT mcropyeHa (OOJIbIIEe OHOTO
nonaganus) (coositre B).

Pewenue:

ITycTh Aj — i-BIif OXOTHHK IIOTIAJ B IIENb, 4, - i-blif OXOTHHMK HE IIOIaj B IEIIb.
PacniuiiieM mpocTpaHCTBO 3JIEMEHTAPHBIX COOBITUH:

Q=A A, A, + A A A + A A A, + A A A + A A A, + A A, A+ A A Ay + A A A,

CobbITHE, HarIpUMED, 4,4, A, 03HaYa€eT, YTO TPETUI OXOTHHUK IIOMAIl B II€Jb, &
OCTaJIbHBIE HE TOMAJIH.

CoObiTHE
A=A A A+ AAA + A A A+ AA A+ A A A+ AAA+ A AA =Q— A A A,.

CoObITHE B = A A, A, + A A, A, + A A, A, + A A, A,.

[To cBOMCTBY BEPOSITHOCTH 3:

P(A) - P(Q_lezz3): P(Q)' P(lezz3) .

[To akcuome A3 P(Q) = 1, a no TeopemMe yMHOXKEHUSI BEPOSITHOCTEM
P(A4,4,4,)=P(4,)) P(A4,|4) P(4,|4A4,). Tak cobbitust A1, Az, A3 HE3aBUCHUMBI, TO
HE3aBUCHMBI M COOBITUS A, A,, 4, .

ITooTomy P (4,4,4;) = P(4,) P(4,) P(4,).

HoP(4,)=1-P(A;)=1-0,6=0,4,P(4,)=1-P(A)=1-0,7=0,3, P(4,)=
1-P(A3)=1- 0,8=0,2.

Urak, P(A)=1-0,4-0,3-0,2=0,976.

ITo TeOpEMeE CIOXKEHUS BEPOSITHOCTEN (coObITHS
A A, A, A A A, A A A, A, A, A, HECOBMECTHBI) M II0 TEOPEME YMHOKECHHS
HE3aBUCUMBIX COOBITHIA:



P(B) = P(Z1A2A3 +A122A3 +A1A2‘Z3 +A4,4,4;) =P(Z1A2A3) +P(A122A3) +
+P(A1A223)+P(A1A2A3): P(Zl)P(AZ) P(A3) + P(Al) P(Zz)P(A3) + P(Al) P(AZ)
P(4,)+ +P(A1) P(As) P(A3) =0,4 - 0,7 - 0,8+ 0,6 - 0,3 - 0,8+ 0,6 - 0,7 - 0,2+ 0,6 -
0,7 - 0,8 =0,788.

Omeem: P(A) = 0,976, P(B) = 0,788.

3adaua 6.

[Ipy ogHOM 1HWKIJIE OCMOTpa PaaMOJOKAIMOHHOW CTAHIMM, CIEHSALIEH 3a
KOCMHYECKHM OO0BEKTOM, OOBEKT Oyner oOHapyxkeH ¢ BeposTHOcThiO O0,7.
OOnHapyxeHue oOBbEKTa B KaXJOM LHKJIE MPOUCXOAUT HE3aBHUCHMO OT JAPYTHUX.
[Tposeneno 10 nukioB ocmoTpa. KakoBa BeposSITHOCTH TOro, YTO OOBEKT Oyner
oOHapykeH?

Pewenue:

[Iyctb A — oOBekT Oyner oOHapykeH (XOTs Obl B OJHOM IHKIE), Aj —
00BbeKT OyneT 0OOHapyEH B | — TOM IUKiIe. MOKHO 3aIHCaTh:
Q=A4+4 ,4=Q-4 .

Ho 4=A44,..4,.

Torma P(A) =P(Q-4)=P(Q) —P(4)=1-P(4)=1-P(4) P(4,) ...
P( AIO)'

A tak kak P(4,)=P(4,)=...=P(4,)=1-0,7=0,3,

P(A) =1 -0,31°=0,9999940951.
Omeem: 0,9999940951.

3adaua 7.

[Ba ctpenka A u B 1o odepenu CTpensitoT Mo 1eiau. BeIUrpeiBaeT TOT, KTO
IIONAJET IEepBbIM. BEpOATHOCTh MONMAanaHusA NPU OJHOM BBICTpPEINIEC I IEPBOTO
crpenka pasHa 0,2, s Broporo - 0,3. IlepBbiM cTpensier A. HailTu BeposTHOCTH
BBIMTPBIIIA JJIS1 KAKJIOTO CTPEIIKA.

Pemenue.
[IycTs:
A - BBIUTPBIII CTPENKA A;
B - BemarpsIm crpenka B;
Aj - cTpesok A momnai npu i - OM BEICTpEIIE;
Bi - ctpenok B moman npw i - oM BBICTpEIIE;
Torna:
A=A + ABA, + AB AB,A; +...

HpI/IMeHSIH TCOPEMBI CIIOKCHHUA 1 YMHOXKCHUSA BCpOHTHOCTeP'I, IMOJIy4HuM:

P(A) = P(A))+ P(A4,))P(B,)P(4,) + P(4,)P(B,) P(4,) P(B,) P(4;)+...=
~02+08:0,7-02+08-0,7-08-0.7-02+...=
=0.21+08-0,7+(0.8-0.7F +..| .



B kBagpaTHbIX CKOOKax CTOMT cymMMma OECKOHEYHO YObIBaroIIeH
reoMeTpuieckor mporpeccun co 3Hamenateiaem ¢ = 0,8 - 0,7 = 0,56 u nepBbIM
yiaenoM b1 = 1. Torna

P(4)=0,2 =0,455.
1-0,56

AHAJIIOTUYHO:

P(B) = P(A))P(B))+ P(A)P(B,)P(A,)P(B,) + P(A)P(B,)P(A4,) P(B,) P(A;) P(B;)+...=
=0,8-0,3+0,8-0,7-0,8-0,3+0,8-0,7-0,8-0,7-0,8-0,3+...=

1

=0,8-03[1+0.8-0,7+(0.8-0,7 +...|= 0.24. e <0545,

2

3aMeTuM, 94TO BEPOSTHOCTH TOTO, YTO CTpenbOa OyaeT IIUThCS OECKOHEUHO
nonro(cobpiTie C) paBHa HYIIO:

P(C)=P(Q—A—B)=P(Q)— P(A)— P(B) =1-0,455-0,545=0.
Omesem: P(A) = 0,455, P(B) = 0,545.

3adaua 8.

WN3pgenuss mpoBepsitoTcsi ABYyMsL KOHTpoJiepamMu. BeposiTHOCTh TOTO, 4YTO
u3JIeTue ToMAaIeT K mepBoMy KOHTpoJiepy, paBHa 0,6; Bropomy — 0,4. BeposiTHOCTB
TOTO, YTO TOJIHOE HM37enue OyneT 3a0pakoBaHO, JUIsl MEPBOrO KOHTPOJEpa paBHA
0,06, mna Broporo — 0,02. Ilpu mpoBepke Opaka Haynayy B3STOE H3JEIUE
OKa3aloch TOAHbIM. HallTu BEpOATHOCTH TOrO, YTO 3TO H3AEIHE IMPOBEPSIOCH
MIEPBBIM KOHTPOJIEPOM.

Pewenue.

B aroil 3amaue Henb3s HKCMONB30BAaTh KIIACCHUECKOE ONpeAeNieHue, T.K.
AJIEMEHTapHbIE COOBITHS HE PABHOBEPOSTHBI, XOTSI UX YUCIO KOHEUHO. JIjisl Takux
3amau npuroaHa ¢opmyna baiieca.

Ilycts:

A1 - u3zienuve nomnano K nNepBoMy KOHTPOJIEPY;
A, - u3aenue nomnaiso Ko BTOPOMY KOHTPOJIEPY;
B - uznenue rogHoe.
Torma P(A;) = 0,6, P(A2) = 0,4, P(B/A1) = 0,94, P(B/A;) =0,98 u
P4 /B) = P(A)P(B/ A,) _ 0,6-0,94 _
P(A)P(B/ A)+ P(4,)P(B/ 4,) 0,6-0,94+0,4-0,98
3ametum, uto P(A;) + P(A2) =1, T.e. A1 u A, - pa3duenus. FIMeHHO B 3TOM

cilydae crpaBeasiuBbl (hOpMYJIbI ITOTHON BeposiTHOCTH U baiieca.
Omeem: 0,590.

0,590.

3aoaua 9.

JIBa paBHOCHJIBHBIX IIaXMAaTUCTAa UTPAIOT B IIaXMaThl, IPUYEM HUYBHU BO
BHUMaHHE HE MPUHUMAIOTCS. UTO BeposiITHEE: BBIMTPATHh JABE MApTHUH W3 YETHIPEX
WJIU TP TapTUH U3 EeCTU?

Pewenue:

3agavya ynoBieTBopsieT cxeme bepnymnu: npousBoasTca N (4 wim 6)

HE3aBUCHMBIX HCIBITAHUM (IIaXMaTHbIE TapTHH), B KaXXJIOM M3 KOTOPHIX JBa



MCXO0/1a: BBIUTPBILI UM IPOUTPHIILL, PUYEM BBIUTPHIII C BEPOSITHOCTHIO P = Y2 (T.K.
MPOTUBHUKU PABHOCHIIbHBI) U MIPOUTPHIII C BEPOSTHOCTBIO = 1 — p = Y%,
ITo hopmyne bepnymu:

Py (§=2)=C42 p2 q2 = _'__:

Ps (6=3)=Cep° f= = —.—=
Omeem.: Py (E=2) > Pg (€=3).

3aodaua 10.

BepositHoCcTh poskaenust Masibunka paBHa 0,515 (craTuctuyeckue JaHHBIE).
Haiitu BeposiTHOCTBH TOTO, uTO cpeau 100 HOBOpoOkIeHHBIX Oyaer 50 MaabuMKOB
(cobpiTie  A), or 40 pgo 60 wmambuukoB (coObiTue B). Onpenenutsb
HaWBEPOSITHEHIIEE YUCIIO MAIIBUYHUKOB.

Pewenue:

3amaya COOTBETCTBYET cxeme bepHyiin, ogHaKo HCIHONIb30BaTh (PopMyIry
bepnynnu 3aTpyaHuTensHoO, T.K. N = 100 Benuko. [ IpuMeHnM NOKanbHYIO TEOpEMY
Myagspa — Jlannaca (Teopema Ilyaccona nenpumenuma, T.k. p = 0,515 u k HyI10 He
CTPEMUTCS)

P(A) = P10o(£=50) = K=1P 3necs k =50, n =100, p = 0,515,

1
—¢(x) ,TAC X =
\npq \npq

50-100-0,515 1,500
0485 5000 03) = = 0,3814
J100-0,515-0,485 5,000 03, ¢(-0,3) = ¢(0,3) = 0,38

(HaiimeHo mo tabauue [S], XOTsS MOXKHO BBIYMCIUTEL Ha KAJIBKYJISITOPE MO (hopMyie

q=0,485.

Torma x =

2
p(x) = e‘%),
Vor
P(A) = 23814 0763,

[To unTerpansHoM Teopeme MyaBpa — Jlamaca:
P(B) = P,,(40<£<60) = D (X2) - D(X1),
k, —np _ 40-100-0,515 _

X]_ = _29301
T 5,000
X, = k, —np _ 60-100-0,515 ~170,

Jnpq 5,000

P(B) = ®(1,70) - ®(-2,30) = ®(1,70) + ®(2,30) = 0,4554+0,4893 = 0,9447.
@Oynkius O(x) HavineHa mo tadmuie [5]. Tak kak (n + 1) p = (100 + 1) -
0,515 = 52,015 — ugucno Heuenoe, TO HAUBEPOSITHENIIIEE YUCIO MAJIBUUKOB PAaBHO

k, =[(n+ 1) p] = [52,015] =52.

Omeem: P(A) =0,0763, P(B) =0,9447, k, =52.



3aoaua 11.

YCTpoHCTBO COCTOMT M3 YETHIPEX HE3aBUCHMO PaOOTAIOIIMX 3JIEMEHTOB.
BeposiTHOCTh OTKa3a KaxkJ10ro 3jeMeHTa B ogHoM ombiTe paBHa 0,1. CocTaBUTH
3aKOH paclpeliesiCHUsl, MaTeMaTUYeCKOe OKHJAaHWEe U JHUCIEPCHUI0 4HCia
OTKAa3aBIIIMX DJIEMECHTOB B OJITHOM OIIBITE.

Pemienue

[Tycth ciyuaiiHas BeMUYHMHA & - YMCIO OTKA3aBIIMX JJIEMCHTOB B OJIHOM
ompiTe. Torma mo dhopmyne bepaymmm:
P(E=0)=Cp°%* =10, -09* =0,6561 ,
P(E=1)=Cp'q’ =4-01-09° =0,2916,

|
1)4(§=2)= jp2q2 =%0512.0’92 =0’O486’

P(£=3)=C,p’q' =4-0,1°-0,9=0,0036,

P(E=4)=C{p*q° =1-0,1*-0,9° =0,0001.

3akoH (psia) pacnpeaeseHusl.

& 0 1 2 3 4
P 0,6561 0,2916 0,0486 0,0036 0,0001
4
3ameTum, 4To Y P(& = k) =1,0000.
k=0

MarteMaTH4eCcKoe 0KUIaHHUE:.

4
MéE= YkP(E=k)=0-0,6561+1-0,2916+2-0,0486+3-0,0036+4-0,0001 = 0,4000 .
k=0

y 2 %
HalineMME~ = Yhk“P(E=k)=
k=0
=0%-0,6561+1%-0,2916+2% -0,0486+3* - 0,0036 + 4> - 0,0001 = 0,5200.
Hucnepcusi: DE = ME* —(ME)* =0,52—(0,4)> =0,36.
OtBeT: ME=04,DE =0,36.

3adaua 12.

Touka M paBHOMEpHO pacmpeneineHa B kpyre paguyca R. Ilycts & -
paccrosiHre oT Touku M 110 nieHTpa kpyra. Haiitu pynkiuto pacnpenenenus Fz(x),
IUTOTHOCTH pacnpenenenus Pe(X), mocTpouts ux rpaduku, Beraucautsh ME, DE, a

R R
TAKKE BEPOSATHOCTD ITONACTH B KOJIBIIO 3 <é< 5

Pewenue.



Puc. 2. K onpeaenennro GyHKIIUMA pacnpeneeHus.
2 2

A(x)  m x
OYHKIHS PACTIPEICICHUs F, (x) = P(& < x) = -’ = =—,xe|0,R
YHKLUHS! pacripest L =PE <=2 =" = e0R]
0,x<0
x2
HUrak, F.(x)={—,0<x<R
5( ) R2
Lx > R.
0,x<0 5
X
: — 0,R
[1TOTHOCTB BEPOATHOCTH p . (x) = F,(x) = 2—)26,0<xSR: R? xe[0.R]
d d R 0,x ¢ [0,R]
0,x >R ’ T
['paduxu byHKUIMN F98 Xup £ (x) IpeAcTaBIEHBI Ha pUC. 3.
4 Fe(x 1 opex
2
. d
> X > X
R R
Puc. 3. I'paduku pynkimii Fg (X)up £ (x) (x 3amaue 12)
MaremaTu4eckoe OxKuJaHue:
+ 0 R oy 2 R, 2 X3 R 2R 2
MéE= | xpég(x)dx= Jx—zdx:—zjx dx:—z— 0 :—2:—R,
By 0 R R” 0 R- 3 3R 3
+ 00 R R 4 2
M§2: | xng(x)dx:fxzz—; x:%jx3dx:i2x— (])g_R_
o 0 R R* R 4 2

Hucniepcus:



R* 4 ., 1

DE=ME —(ME) =——-—R*=—R",
§=Mg" —(MS) 579 T
BeposaTtHOCTS:
= : 2R 2 2
R R, 2 2 2 2 x“|5 1 R R 11
P(—<é<—)= Xdx=—=[xdx=—""|2=— (- )=—-—_=
3 3 3
=i=0,l39.
36
0,x<0
2 2x
5 OaR 1
Omeem.‘Fg(x)= %,0<x£R, pe(x)= sze[ ], M§:§R, DGZ:ERZI
1, x> R. O’ME[O’R]

R R
P(—-<&E<2)=0,139.
F=c=2)

3adaua 13.
[110THOCTH BEPOSATHOCTH CIIy4ailHOM BEIMYUHBI & 3a/1aHa PopMyIIon pe(x) =

o (pactipenenennie  Komm). Haiitu A, ¢QyHkuio pacnpeneneHus,
+x

MAaTEMaTHYECKOE OKHUAaHUE, BEPOSITHOCTh P (1< & <1).
Pewenue:
KoncranTy A HajeMm u3 yciaoBUs:

+ 00

_J.oopg (x)dx =1,

+00 +00
A dx=A4 | dx :Aarctgx‘fng( im a@rctgx— i arctgx)=
—oo]+x2 —ool+x2 X—>+00 X—>—00
AT [T l=Ax=
-5 (5)|- 4t
a=1
T

OyHKIYS pacupeaeIeHHUs:
1
X X 1 X 1 .
F.(x)= | p(x)ydx= [ —Fodv=—arcge” = —(arctgx - lim arctgx] =

1 T 1 1
=—|arcigx +— |=—+—arctgx .
i 2 2



I'paduku Fe(x) u pe(x) n306pakeHsl Ha pUCYHKE 4.

Pe(X
Fe(x

v

v

Puc. 4. I'padpuxu GpyHKIIMI F§ (X)u p £ (x) (x 3amaue 13)

MaremMaTtrdeckoe OKugaHue:
+ o0 1 + 00 X X
ME= | xpég(x)dx =— | 5 dx = 0, T.K. QyHKIIUS g HEUYCTHAS.
+Xx
—0

—wol+x

1
1 I 1 1
Pcl<é<l)= | p(di= | —Fodr=t | B __2) &
-1 d —11+x2

4 _11+x2 ”01+x2

Hpyroii crioco6:

P-1<é<)=Fe(l) - Fe(-1) = l+larctg 1- {lJrlarctg (—1)} =
2 2

_1 1z (1 1 ﬂj_l 1

_—+_ _______ J— __+__

2 7 4 \2 & 4 2 4

Omeem: A:l, Fe(x) = lJrlarctgx, ME¢ =0, P(—leSl):l.
Va 2 2

o | —
PN
0 | —

3aoaua 14.

JluckpeTrHas ciayyaiiHas BeJIMUMHA & UMEET PsiJ] paclpeesICHUs

§ il z 37
4 2 4
P 0,2 0,7 0,1

[TocTpouTh psii pacnpee/ieHUs CIIyIaiHON BEIMYMHBI 1| = Sin &,



Pewenue:

g z z 3
4 2 4
n V2 1 V2
2 P
_ V2 _ V4 3r) _ Vd 3r) _
TorzlaP(n—?)—P[\f—Z i g_Tj_P(‘f_ZjJFP((S_TJ_
=0,2+0,1=0,3.

Torna 3akoH pacrpenesieHns 1) 3aIHIIeTCs:

n V2 1
2
P 0,3 0,7
3aoaua 15.

3aKOHBI pacnpcaciicHus 4uciia O4YKOB, BBIOMBACMBIX KAKIbIM H3 JIBYX
CTPCJIKOB, UMCIOT BHU:

g

8

9

10

P

0,6

0,3

0,1

n

8

9

10

P

0,5

0,3

0,2

Haittu 3akoH pacnpenenenus Ciayd4aHOW BEJIWYMHBI PABHOW CyMME OYKOB,
BBIOMBAEMBIX JIBYMS CTPEIIKaAMHU.

Pewenue.

P(&+n=16)=P(&=8)P(n=8)=0,6-0,5=0,30,
PE+n=17)=P(&=8)P(n=9)+P(&=9)P(n=8)=0,6-03+0,3-0,5=0,33,
P(E+n=18)=P(E=8)P(n=10)+P(E=9)P(n=9)+ P(E=10)P(n=8) =
=0,6-0,2+03-0,3+0,1-0,5=0,26,

P(E+n=19)=P( =9)P(n=10)+ P(£ =10)P(n=9)=0,3-0,2+0,1-0,3=0,09,
P(E+1=20)=P(&=10)P(1=10)=0,1-0,2 = 0,02 .

3aKoH pacnpeaesICHUs:

E+n

16

17

18

19

20

P

0,30

0,33

0,26

0,09

0,02

IIposepka: cymma BepoarHocteit 0,30 + 0,33 +0,26 + 0,09 + 0,02 = 1.



3aoaua 16.

ABTomaTt mtamiyer aetaiu. JnauHa neranu & pacnpeneneHa HOPMaJbHO C
ME = 50 mm. dakThyeckd JIMHA M3TOTOBIICHHBIX JeTale He MeHee 32 U He
oonee 68 mm. HailTu BepOSITHOCTH TOro, YTO JUIMHA HayjAady B3ATOHM JAeTaiu
oonbie 55 MMm.
Pewenue.

Hcnonp3yeM NpaBUIIO «TPEX CUTM»:

P(32<£<68)=0,9973 ,

OTKYyJla HaiiieM mmapaMmeTp ¢ HOpMaJbHOTO pacnpesenenus. Mcnonb3yem hopmyty

(5),

{52} of 0] of B of 2] o)
o O o O o

@[gj = 0,49865.
o

[To tabmuue [5] mist pynkmwm D(X) 18 _ 3,0, 0=6,0.
(o2

Hckomas BEpOSITHOCTB:
55-50

P(&>55)=P(55 <& <00) = D(0) —CD(

Omeem: 0,11507.

) =0,5-0,38493 =0,11507.
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